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Preface

A wide variety of decision problems in operations research are defined on temporal
networks, that is, workflows of time-consuming tasks whose processing order is
constrained by precedence relations. For example, temporal networks are used to
formalize the management of projects, the execution of computer applications, the
design of digital circuits and the scheduling of production processes. Optimization
problems arise in temporal networks when a decision maker wishes to determine
a temporal arrangement of the tasks and/or a resource assignment that optimizes
some network characteristic such as the network’s makespan (i.e., the time required
to complete all tasks) or its net present value.

Optimization problems in temporal networks have been investigated intensively
since the early days of operations research. To date, the majority of contributions
focus on deterministic formulations where all problem parameters are known. This
is surprising since parameters such as the task durations, the network structure, the
availability of resources and the cash flows are typically unknown at the time the
decision problem arises. The tacit understanding in the literature is that the decision
maker replaces these uncertain parameters with their most likely or expected values
to obtain a deterministic optimization problem. It is well documented in theory and
practice that this approach can lead to severely suboptimal decisions.

The objective of this monograph is to survey state-of-the-art solution tech-
niques for optimization problems in temporal networks that explicitly account for
parameter uncertainty. Apart from theoretical and computational challenges, a key
difficulty is that the decision maker may not be aware of the precise nature of
the uncertainty. We therefore study several formulations, each of which requires
different information about the probability distribution of the uncertain problem
parameters. We discuss models that maximize the network’s net present value,
problems that minimize the network’s makespan and multi-objective formulations
that account for the costs associated with the temporal network. Throughout this
book, emphasis is placed on tractable techniques that scale to industrial-size
problems.

Many people have — directly or indirectly — contributed to the completion of
this book. I would like to express my deepest gratitude to Professor Ber¢ Rustem
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and Dr. Daniel Kuhn from the Department of Computing at Imperial College
London. I have benefited greatly from their invaluable suggestions, enlightening
advice and constant encouragement, both personally and scientifically. My sincere
appreciation is extended to my colleague and valued friend Dr. Ronald Hochreiter.
I would also like to thank Professor Wolfgang Domschke (Technische Universitit
Darmstadt) and Professor Robert Klein (Universitit Augsburg) who whet my
interest in optimization and decision making under uncertainty. Finally, I am deeply
indebted to my family and Sharon.

United Kingdom Wolfram Wiesemann
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Chapter 1
Introduction

1.1 Motivation

We define a temporal network as a directed, acyclic graph G = (V, E) whose nodes
V ={1,...,n} represent the network tasks and whose arcs E C V x V describe the
temporal precedences between the tasks. This convention is known as activity-on-
node notation; an alternative activity-on-arc notation is discussed in [DHO2]. In our
notation, an arc (i, j) € E signalizes that task j must not be started before task
i has been completed. For ease of exposition, we assume that 1 € V' represents
the unique source and n € V the unique sink of the network. This can always be
achieved by introducing dummy nodes and/or arcs. We assume that the processing
of each task requires a nonnegative amount of time. Depending on the problem
under consideration, the tasks may also give rise to cash flows. Positive cash flows
denote cash inflows (e.g., received payments), whereas negative cash flows represent
cash outflows (e.g., accrued costs). Figure 1.1 illustrates a temporal network with
cash flows.

Optimization problems arise in temporal networks when the decision maker is
able to influence the processing of the network tasks. Most frequently, it is assumed
that this is possible in one or two complementary ways. On one hand, the decision
maker may be able to decide on the temporal orchestration of the tasks, that is, on the
times at which the tasks are processed. On the other hand, the decision maker may
be able to change the task durations through the assignment of resources. A rational
decision maker influences the processing of the network tasks in order to optimize
an objective function. In this book we consider several prominent objectives, namely
the minimization of the network’s makespan (i.e., the time required to process all
tasks), the maximization of the network’s net present value, and the minimization
of the costs associated with the network. Other objectives (e.g., a level resource
consumption or the lateness with respect to a deadline) are discussed in [DH02].

Temporal networks and their associated optimization problems are ubiquitous in
operations research. In the following, we provide some illustrative examples.

W. Wiesemann, Optimization of Temporal Networks under Uncertainty, 1
Advances in Computational Management Science 10,
DOI 10.1007/978-3-642-23427-9__1, © Springer-Verlag Berlin Heidelberg 2012



2 1 Introduction

Fig. 1.1 Example temporal (5, 2) (4, 3)

network. Attached to each

node is the duration (first 9 e

value) and the cash flow 2,1) (@) (6) (1, 8)

(second value) associated

with the task (3) 5

1. Project scheduling: Much of the research on temporal networks originates
from the area of project scheduling, see [BDM199, DH02, NSZ03, Sch05]. In
project scheduling, the network tasks represent the various activities in a project
(e.g., “conduct market research” or “develop prototype”), and the precedence
relations describe temporal constraints between the activities (e.g., “the prototype
cannot be developed before the market research has been completed”). The
minimization of a project’s makespan and the maximization of a project’s net
present value are among the most wide-spread objective functions in project
scheduling. We will consider a project scheduling problem in Chap. 5.

2. Execution of computer applications: Computer applications can be described
through flowgraphs whose nodes represent the application components and
whose arcs describe the execution flow. Although a flowgraph typically
accommodates non-deterministic flow constructs such as loops and conditional
branches, it can be converted into a set of alternative execution flows, each of
which constitutes a temporal network [vdAtHKBO03, WHKO8]. The execution of
computer applications poses several challenging problems such as the scheduling
of multiple applications on one or more processors and the assignment of
resources (e.g., processor time, memory space and I/O access) to application
commands, see [BEPT96]. The minimization of an application’s runtime can
be cast as a makespan minimization problem [WHKO08]. We will discuss an
application of temporal networks to service-oriented computing in Chap. 4.

3. Design of digital circuits: Modern VLSI (Very-Large-Scale Integration) circuits
can contain millions of interconnected logical gates. A fundamental problem in
VLSI design relates to the selection of suitable gate sizes [BKPHOS5]. The gate
sizes crucially affect the three primary design objectives “operating speed”, “total
circuit size” and “power consumption”. A circuit can be expressed as a temporal
network whose tasks represent the gates and whose precedences denote the
interconnections between the gates. Since the gate delay (i.e., the “task duration™)
is a function of the gate size, the maximization of the circuit speed, subject to
constraints on the power consumption and the overall circuit size, can be cast
as a makespan minimization problem in a temporal network. We will investigate
circuit sizing problems in Chap. 6.

4. Process scheduling: A typical problem in process scheduling is to manufacture
a set of products through a sequence of processing steps. Each processing step
can be executed by a number of machines. At any time, a machine can process
at most one product, and a product can be processed by at most one machine.
Additionally, the processing times can depend on the assignment of resources
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(e.g., fuel, catalysts and additional manpower). A common objective is to find a
resource allocation and processing sequences that optimize the makespan or net
present value of the production plan. Process scheduling problems are reviewed
in [Bru07, Pin08].

In the remainder of this section, we highlight some of the difficulties that
arise when the problem parameters of a temporal network are uncertain. To this
end, let us first assume that all parameters are deterministic and that the resource
assignment is fixed. We want to determine a vector of start times for the network
tasks that optimizes the network’s makespan or its net present value. The makespan
is minimized by the following model:

minimize y, + d,

y
subjectto y €Y, (1.1)
where Y={yeR}, :y; =y +d ¥Y(i.j)€E}.

In this problem, y; and d; denote the start time (a variable) and the duration
(a parameter) of the ith task, respectively. The set ¥ contains the admissible start
time vectors for the network tasks, that is, all start time vectors that satisfy the
precedence constraints. Since 7 is the unique sink of the network, y, + d, represents
the network’s makespan. Note that (1.1) constitutes a linear program that can be
solved efficiently. Indeed, the minimal makespan can be determined much more
efficiently if we exploit the following observation. Every admissible start time
schedule y € Y has to satisfy y; > 0 and

v zmax{vi+d : (.j) € E} forall j € V\ {1},
i€

Since the makespan is a non-decreasing function of y, the early start schedule
y* €Y with

0 ifj=1,
y; = (1.2)
max;ey {y} +d; : (i,j) € E} otherwise

is optimal. Note that the recursion is well-defined because G is acyclic. Hence,
we can determine the minimal makespan through a topological sort. In Fig. 1.1,
the minimal makespan of 12 time units is attained by the start time vector y* =
0,2,2,7.7,11)7.

The optimality of the early start schedule distinguishes the makespan from
other objective functions in temporal networks. To illustrate this point, consider the
following net present value maximization problem:

maximize Z LB
! iev (1.3)
subjectto y e Y.
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Fig. 1.2 Nominal models underestimate the makespan. In this temporal network, tasks 1 and n
have duration zero, while the durations of the other tasks follow independent uniform distributions
with support [0, 1]

Here, ¢; denotes the cash flow arising at the start time y; of task i, 8 € (0,1)
represents the discount factor, and the set ¥ of admissible start time schedules is
defined in (1.1). Although the objective function of (1.3) is nonconvex, the problem
can be converted into an equivalent linear program by substituting the expressions
B7" with new variables z;, i € V. We will elaborate on this substitution in Chap. 3.
Note that problem (1.3) is no longer guaranteed to be optimized by the early start
schedule y* if negative cash flows are present. Indeed, for sufficiently large 8,
the net present value of the network in Fig. 1.1 is maximized by the start time
vector y = (0,2,2,7,8, ll)T. As we will see throughout this book, the optimality
of the early start schedule can dramatically simplify decision-making in temporal
networks when uncertainty is present.

From the previous discussion we conclude that the makespan and the net
present value of a deterministic temporal network can be optimized efficiently if
the resource assignment is fixed. Let us now assume that the task durations are
uncertain. A common suggestion is to solve a nominal problem where the uncertain
task durations are replaced with their expected values. To see why this approach can
be problematic, consider the temporal network G = (V, E) with V = {1,...,n}
and E = {(1,i) : 1 <i <n}U{(@i,n) : 1 <i<n},n > 3[Em05,MO01]. We
illustrate the temporal network for n = 6 in Fig. 1.2. Assume that the tasks 1
and n have zero duration, while the durations d; of the tasks i € {2,...,n — 1}
follow independent uniform distributions with support [0, 1]. In this case, the
expected duration of tasks 1 and n is zero, while all other tasks have an expected
duration of 1/2. From our previous discussion we know that the early start schedule
y* = (0,...,0,1/ 2)T minimizes the nominal makespan minimization problem,
and hence the obtained estimate for the network’s makespan is 1/2. However, the
probability that the makespan of the early start schedule does not exceed ¢ € [0, 1]
is given by the expression

P(max{d,,...,d,—1} <t) = P(dy <t, ..., dy—1 <1t)
[] Pa@<n = "

l<i<n

Thus, the probability to complete all tasks before time ¢ < 1 goes to zero as n
tends to infinity, and the approximation obtained from solving the nominal problem
becomes increasingly weak.
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More generally, one can show that the nominal problem always underestimates
the expected makespan of the early start schedule. To see this, assume that the task
durations d;, i € V, are random and that each task is started according to the early
start policy y*. Note that y* constitutes a random vector now because it depends
on the random task durations through (1.2). As before, the makespan is y, + d,.
The right-hand side of (1.2) is convex and non-decreasing in y* and d. Hence, we
can reformulate the makespan as a convex function of the random task durations d;
by recursively replacing each component of y* with its definition in (1.2). Jensen’s
inequality tells us that for a measurable convex function ¢ and a random vector d,
@(E(d)) < E(¢(d)). When we solve the nominal problem, we evaluate the left-
hand side of this equation (deterministic makespan using expected durations) to
approximate the right-hand side (expected makespan using random durations).

These rather pessimistic results on the approximation quality of nominal prob-
lems suggest that we should explicitly account for the stochastic nature of temporal
networks. Unfortunately, the existence of precedence constraints severely compli-
cates this goal. To see this, consider again the temporal network in Fig. 1.1 and
assume that d;, the duration of task i € V, is described by its probability density
function f; and its cumulative distribution function F;. For ease of exposition,
we assume that the task durations are independently distributed. Following the
exposition in [DHO2], we want to determine the cumulative distribution function
of the makespan if each task is started according to the early start schedule y*. If
we denote the cumulative distribution function of y;* by G;, we obtain for the first
three tasks

1 ifr >0,
G=, "'~ and  Go(r) = Gs(t) = P(d) < 1) = Fy(1).
0 otherwise;

The distribution of y, is obtained as follows:
Gy(t) =P(d1 +dy < 1) = (F1 * f2) (1),
where (y1 * y2)(t) = freR x1(7) x2(t — t)dt denotes the convolution of two
functions y; and y,. The start time of task 5 depends on the maximum of two
independent random variables:
Gs(l) = ]P’(max{dl +dy, di + d3} < Z) = ]P)(dl + max{dg,d3} < Z)
= (ixG)0) = (h*[FF)).

where

G(1) = P(max{dy.ds} <1)

P(d, <t, d3 <1t)

Fy(1) F3(1).

P(dy <1)P(d; < 1)
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Here, we used the notation (y; - y2)(t) := yi1(¢) x2(¢). Calculating G¢ is more
involved as it depends on the maximum of dependent random variables:

Ge(1)

P(max{d) +d> +dy, d\ +dr + ds, di + d3 +ds} <)
P(di + max {d, + ds, d» + ds, d3 + ds} <1)

= (fi xG)(),

where
G(t) := P(max {d> + dy, d> + ds, ds + ds} < 1)

- / B(5s + ds < )P(Ss + 85 < 1)P(ds + 85 < 1) o(82) f5(55) A2 dbs
82,65>0

— s, B = 0= BB = 1= 89) f(Ee) filE) a5 05
$1+05<t

= s, Falt =8 Filt = 85) fo62) fo(55) b,
By ros<t

The cumulative distribution function of the network’s makespan is given by G¢ * fs.
Clearly, this approach becomes impractical for large networks. In fact, we cannot
expect that there is an algorithm that determines the cumulative distribution
function of the makespan efficiently. It has been shown in [Hag88] that even if
the task durations are independent random variables with a two-valued support, the
calculation of the expected value or any pre-specified quantile of the makespan of y*
is #PSPACE-hard. The situation is complicated by the practical difficulty to estimate
the distributions of all task durations.

1.2 Book Outline

This book surveys solution techniques for optimization problems in temporal
networks under uncertainty. The problems that we consider vary in the required
information about the uncertain problem parameters (support, moments, probability
distribution), the employed risk measure (unconditional and conditional expected
values, quantiles and the worst case) and the objective function (makespan, net
present value and costs). We apply our techniques to problems in project scheduling,
computing and VLSI design. However, we stress that the proposed techniques apply
to other application areas of temporal networks as well.

Apart from a review of some required background theory in Chap. 2, this book
is divided into four chapters. Each of these chapters investigates a specific class of
optimization problems in temporal networks.
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In Chap.3 we consider the maximization of a network’s expected net present
value when the task durations and cash flows are described by a discrete set
of alternative scenarios with associated occurrence probabilities. In this setting,
the choice of scenario-independent task start times frequently leads to infeasible
schedules or severe losses in revenues. We present a technique that determines an
optimal target processing time policy for the network tasks instead. Such a policy
prescribes a task to be started as early as possible in the realized scenario, but
never before its (scenario-independent) target processing time. We formulate the
resulting model as a global optimization problem and describe a branch-and-bound
algorithm for its solution. The solution scheme was first presented in the recent
publication [WKR10].

We continue with a scenario-based description of the uncertain parameters in
Chap. 4. Contrary to the expected net present value, however, we minimize the
conditional value-at-risk (CVaR) of the network’s makespan and the costs associated
with the network. CVaR is a popular risk measure in decision theory which quan-
tifies the expected shortfall below some percentile of a loss distribution. We apply
the approach to the service composition problem in service-oriented computing.
Given a formal specification of the desired behavior of a computer application,
the service composition problem asks for a combination of software components
that implements the application’s behavior and at the same time maximizes the
user’s benefit. We quantify the user’s benefit through several quality-of-service
parameters, namely the application’s runtime, the service invocation costs, as well as
the availability and reliability of the selected services. We compare this model with
a nominal problem formulation from the literature, and we show that the nominal
model can lead to overly risky decisions. The service composition model was first
described in [WHKOS].

Chapter 5 investigates a resource allocation model that minimizes the makespan
of a temporal network. The model accommodates multiple resources and decision-
dependent task durations that are inspired by microeconomic theory. In the first
part of the chapter, we elaborate a deterministic problem formulation. In the second
part, we enhance the model to account for uncertain problem parameters. Assuming
that the first and second moments of these parameters are known, the stochastic
model minimizes an approximation of the value-at-risk (i.e., a specified quantile)
of the network’s makespan. As a salient feature, the described approach employs a
scenario-free formulation which approximates the durations of the network’s task
paths via normal distributions. We discuss an extension of the model to situations in
which the moments of the random parameters are ambiguous, and we describe an
iterative solution procedure. The resource allocation model discussed in this chapter
is based on the paper [WKRa].

In Chap. 6 we study a robust resource allocation problem in temporal networks
where the task durations are uncertain, and the goal is to minimize the worst-case
makespan. We show that this problem is generically A'P-hard. We then discuss
families of optimization problems that provide convergent lower and upper bounds
on the optimal value of the problem. The upper bounds correspond to feasible
allocations whose objective values are bracketed by the bounds. Hence, we obtain
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a series of feasible allocations that converge to the optimal solution and whose
optimality gaps can be quantified. We study the scalability of the solution approach
on random test instances, and we discuss a case study in VLSI design. The bounding
approach was first published in [WKRb].

1.3 Notation

By default, all vectors are column vectors. We denote the p-norm of a vector x by
[[x]l,- We denote by e the kth canonical basis vector, while e denotes the vector
whose components are all ones. In both cases, the dimension will usually be clear
from the context. We denote the set of real numbers, nonnegative real numbers and
strictly positive real numbers by R, R and Ry 4, respectively. We denote the set of
natural numbers (including zero) by N (Nj).

We say that a set has a tractable representation if set membership can be
described by finitely many convex constraints and, potentially, auxiliary variables.
Similarly, a function has a tractable representation if its epigraph does. An explicit
optimization problem has finitely many variables and constraints.

Some of the chapters in this book require additional notation. We defer the
introduction of that notation to the relevant chapters.



Chapter 2
Background Theory

We start with a review of deterministic optimization problems in temporal networks.
We then discuss three popular methodologies to model and solve generic optimiza-
tion problems under uncertainty. We close with an overview of the issues that arise
when these methodologies are applied to temporal networks, and we provide a
survey of the relevant literature. More specific reviews of related work are provided
in the Chaps. 3-6.

2.1 Temporal Networks

The literature on temporal networks is vast and has been reviewed, amongst
others, in [BDM 99, BEP™ 96, BKPHO0S, Bru07, DH02,FL04,NSZ03,Pin08,Sch05].
Instead of giving a detailed account of all contributions, we classify some of the
most popular research directions according to the three dimensions “resources”,
“network” and “objective”. More elaborate classification schemes can be found
in [BDM 199, Bru07, DH02].

Resource characteristics: Optimization problems in temporal networks may
assume that a resource allocation has been fixed, or they can involve the assignment
of one or multiple resources. In the latter case, we can distinguish between three
prevalent types of resources. Non-renewable resources are available in pre-specified
quantities and are not replenished during the planning horizon. Typical examples
of non-renewable resources are capital and man-hours. In contrast, renewable
resources are replenished every time period, but the decision maker has to meet
specified per-period consumption quotas. Examples of renewable resources are
processing times on manufacturing machines and processors. In practice, many
resources are doubly constrained, that is, they share the restrictions of non-
renewable and renewable resources. Other resource characteristics include time
windows during which the resources are available, as well as spatial aspects (e.g.,
immobile resources such as a shipyard).

W. Wiesemann, Optimization of Temporal Networks under Uncertainty, 9
Advances in Computational Management Science 10,
DOI 10.1007/978-3-642-23427-9__2, © Springer-Verlag Berlin Heidelberg 2012
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Network characteristics: Network characteristics describe the properties of the
network tasks and precedences. Tasks are preemptive if their processing can be
interrupted to execute other tasks. For example, modern operating systems use
preemptive multitasking to generate the illusion of executing multiple computer
applications in parallel on a single processor. If the execution of network tasks must
not be interrupted, then the tasks are called non-preemptive. Project scheduling,
circuit design and many problems in process scheduling assume that the network
tasks are non-preemptive. In the introduction, we assumed that all precedences in
the temporal network are of finish-start type, that is, an arc from node i to node
j in the temporal network prescribes that task j cannot be started before task i
has been completed. Alternatively, one can consider generalized precedences that
stipulate lower and upper bounds on the time that may pass between the start and
completion of any two network tasks. Other network characteristics include time
windows during which the tasks must be executed (e.g., ready times and deadlines)
and cash flows that arise when the tasks are processed.

Objective function: One commonly distinguishes between regular objective func-
tions, which are optimized by the early start schedule (1.2), and nonregular objective
functions, which may not be optimized by the early start schedule. Typical regular
objective functions are the makespan and the lateness of the makespan beyond a
given deadline. Examples of nonregular objectives are the net present value and a
level resource consumption.

The methods studied in this book are primarily applicable to temporal networks
with non-preemptive tasks and non-renewable resources. Chapter 3 assumes that
the resource allocation is fixed and maximizes the expected net present value
under generalized precedences. In Chap.4-6 we determine assignments of non-
renewable resources under finish-start precedences. Chapter 4 studies a multi-
objective problem that considers discrete resources (web services) and optimizes
the conditional value-at-risk of the makespan and resource costs. Chapters 5
and 6 assume continuous resources (e.g., capital or man-hours). Chapter 5 opti-
mizes quantiles of the makespan, whereas Chap.6 minimizes the worst-case
makespan.

2.2 Optimization Under Uncertainty

In practice, most managerial decisions are taken under significant uncertainty about
relevant data such as future market developments and resource availabilities. If such
decision problems are formulated as optimization models, the models contain
parameters whose values are uncertain. In the following, we review three popular
approaches to model and solve optimization problems with uncertain parameters. In
the remainder of the book, we will present applications of two of these approaches
to optimization problems in temporal networks.
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Fig. 2.1 Temporal structure of a two-stage (left) and a multi-stage (right) recourse problem. In
the left time line, the wait-and-see decision y may depend on x and &. In the right time line, the
wait-and-see decision y’ may depend on x and &%, 5 <t

2.2.1 Stochastic Programming

Stochastic programming models the uncertain problem parameters as random
variables with known probability distributions. One of the basic models is the two-
stage recourse problem.

inf {£(x) +E[Q(x: 9]} (2.12)
where
0(x;8) = yeing,s) {q(y;x.8)}. (2.1b)

In this problem, the parameter vector £ is assumed to be uncertain. The decision
maker needs to take a here-and-now decision x € X before the value of & is
known, while the wait-and-see decision y € Y(x,&) can be selected under full
knowledge of &. Conceptually, we can assume that x is chosen at the beginning of
time period 1, £ is revealed during time period 1, and y is selected at the beginning
of time period 2 (after £ is known), see Fig.2.1, left. The goal is to minimize
the sum of deterministic first-stage costs f(x) and expected second-stage costs
E[Q(x;§)], where the expectation is taken with respect to £. Note that for any
value of x and &, the second-stage problem Q(x;§) is deterministic. If there is
a finite set of values £',£2,... such that § € {El, £,.. } with probability one,
then (2.1) can be formulated as an explicit optimization problem. Otherwise, (2.1)
can be approximated by a surrogate model that replaces the probability distribution
of & with a finite-valued approximation. In either case, the resulting optimization
model has the structure of a scenario fan whose branches represent the possible
realizations of &, see Fig. 2.2, left. The decision maker’s information set (i.e., the
set of scenarios that may be realized) is shown in Fig.2.2, right. At the beginning
of the first time period, the decision maker is unaware of the realized scenario £¥.
The information set therefore contains all scenarios. In the second time period, the
decision maker knows the realized scenario £¢. The information set has therefore
shrunk to one of the singleton sets {&}, ..., {&s}.

The use of the expected value in (2.1a) reflects the assumption that the decision
maker is risk-neutral. In many applications of temporal networks, such as project
management and production scheduling, this assumption may not hold. Instead,
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Fig. 2.2 Scenario representation of two-stage recourse problems. The left chart shows that for

each realization (scenario) & of the random vector £, a separate recourse decision y(x; &%) can be
selected. The right chart visualizes the acquisition of information over time
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Fig. 2.3 Value-at-risk (left) and conditional value-at-risk (right) of a continuous random variable
& with probability density function f(x)

the decision maker is risk-averse and prefers solutions that do not just perform
well “on average”, but that also perform satisfactory “in most cases”. The most
widely used approach to obtain risk-averse solutions is to minimize the variance
of Q(x; &), which traces back to the seminal paper [Mar52] on financial portfolio
selection. However, minimizing the variance of Q(x;§) penalizes both the excess
and the shortfall of Q(x;§&) with respect to its expected value E [Q(x; &)]. This
may not be appropriate for optimization problems in temporal networks. If the
goal is to minimize the makespan, for example, a decision maker only wants
to penalize upward deviations from the expected value (i.e., delays), whereas
downward deviations are indeed desirable. A decision maker may therefore prefer
to optimize a one-sided quantile-based risk measure such as the value-at-risk (VaR):

VaRg [Q(x;:£)] = inf{a € R : P(Q(x;§) > a) < 1—B}.

For ease of exposition, we assume for the remainder of this section that the random
parameters & follow a continuous probability distribution. For 8 € [0, 1], we can
then interpret the -VaR of Q(x; &) as the f-quantile of Q(x; &). For high values of
B (e.g., B = 0.9), minimizing the 8-VaR of Q(x;§) favors solutions that perform
well in most cases. The VaR of a random variable £ is illustrated in Fig. 2.3, left.

In recent years, VaR has come under criticism due to its nonconvexity, which
makes the resulting optimization models difficult to solve. Moreover, the noncon-
vexity implies that VaR is not sub-additive and hence not a coherent risk measure in
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Fig. 2.4 Scenario representation of multi-stage recourse problems. In analogy to the scenario fan
in Fig.2.2, left, the left chart visualizes the scenario tree associated with a multi-stage recourse
problem, whereas the right chart shows the acquisition of information over time

the sense of [ADEH99]. Both drawbacks are rectified by the conditional value-at-
risk (CVaR), which is defined as follows:

CVaRg [Q(x:6)] = E (Q(x:8) | Q(x:€) = VaRg [Q(x:§)]) .

The B-CVaR of Q(x;£) represents the expected value of Q(x;&) under the
assumption that Q(x;&) exceeds its B-VaR, that is, under the assumption that
Q(x; &) is among the (1 — B) - 100% “worst” outcomes. By definition, the f-CVaR
exceeds the B-VaR for any § € [0, 1]. The CVaR of a random variable £ is illustrated
in Fig. 2.3, right. It has been shown in [RUO0O] that the 8-CVaR is equivalent to

inf fo ﬁE[Q(x;S) —aptl,

where [x]" = max {x, 0}. Hence, the techniques presented for recourse problems
with expected value objective functions are directly applicable to optimization
problems involving CVaR.

So far, all of the models assumed a two-stage structure (decision — realization
of uncertainty — decision). In a multi-stage recourse problem, the parameter vector
£ can be subdivided into vectors £!,... £T such that £ = (¢£!,...,€7) and &' is
revealed during time period ¢t = 1,...,T. The decision maker can take a recourse
decision y' at the beginning of every time period t = 2,...,T + 1, and )’
may depend on the values of £!,... £~ see Fig.2.1, right. Note that y’ may
not depend on the values of £, s > ¢, since this information is not available at
the time the recourse decision y’ is taken. This causality requirement is called
non-anticipativity. If the probability distribution of & has finitely many values,
then the optimization model associated with a multi-stage recourse problem has
the structure of a scenario tree, see Fig.2.4. In the left chart of that figure, &k”
denotes the tth subvector of the scenario £ = (£K1, ... £FT). Each path from
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the root node to a leaf node constitutes one scenario. Two scenarios £€ and & are
undistinguishable at the beginning of period ¢ if £ = £/ forall s < ¢. In this case,
£ and £’ are contained in the same information set at time ¢, and non-anticipativity
stipulates that y’(x; (EF1, ... €071y = y/(x; (&M, ... E"7)). For example,
non-anticipativity requires that y?(x; £51) = y2(x; &) for k.1 € {1,...,4} and
y3(x: (831, 62)) = y3(x; (651, £52)). In analogy to two-stage recourse problems,
a multi-stage recourse problem can be approximated by a surrogate model that
replaces the probability distribution of & with a finite-valued approximation if &
can attain infinitely many values. While convex two-stage recourse problems can
be approximated efficiently, multi-stage problems “generically are computationally
intractable already when medium-accuracy solutions are sought” [SNO5]. Multi-
stage recourse problems therefore constitute very difficult optimization problems.

Apart from recourse problems, stochastic programming studies problems with
chance constraints. The basic two-stage chance constrained problem can be formu-
lated as follows:

inf {/(x) s PQ(x:§) < 0) = 1 — ¢}, 2.2)

where Q is defined in (2.1b). The temporal structure of problem (2.2) is the same
as for two-stage recourse problems, see Fig.2.1, left. The goal is to find a here-
and-now decision x such that with a probability of at least 1 — ¢, there is a wait-
and-see decision y(x;&) € Y(x,£) that satisfies g(y(x;£);x,&) < 0. Note that
problem (2.2) is equivalent to the following problem with a VaR constraint:

inf {f(x) : VaR|—[Q(x.§)] = 0}. (2.2°)

It is therefore not surprising that chance constrained problems inherit the compu-
tational difficulties of VaR optimization problems. Indeed, even if the second-stage
problem Q is a linear program, the feasible region of (2.2) is typically nonconvex
and disconnected [Pré95]. Moreover, calculating the left-hand side of the constraint
in (2.2) requires the evaluation of a multi-dimensional integral, which itself
constitutes a difficult problem. As a result, most solution approaches for (2.2) settle
for approximate solutions. A popular approximation is obtained by replacing the
(1 —€)-VaR in (2.2”) with the (1 — ¢)-CVaR:

inf {(x) : CVaR1—c [Q(x.§)] < 0}. 2.27)

Since CVaR represents an upper bound on VaR, this formulation provides a
conservative approximation to problem (2.2’), that is, any x € X that is feasible
in (2.27) is also feasible in (2.2”) and (2.2). Similar to recourse problems, chance
constrained problems can be extended to multiple decision stages.

For an in-depth treatment of stochastic programming, the reader is referred to
the textbooks [KW94, Pré95,RS03]. We will consider two-stage recourse problems
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that optimize the expected value and CVaR in Chaps. 3 and 4, respectively. Chapter 5
studies an approximation of VaR that does not rely on scenario discretization.

2.2.2 Robust Optimization

In its basic form, robust optimization studies semi-infinite problems of the following
type:
in)f({f(x):gi(x;é)fo VéEeB, i=1,...,1}. 2.3)
xe

We interpret x as a here-and-now decision and & as an uncertain parameter
vector with support E. The goal is to minimize the deterministic costs f(x) while
satisfying the constraints for all possible realizations of £. Note that (2.3) is a single-
stage problem since it does not contain any recourse decisions. If E constitutes
a finite set of scenarios £',£2,..., then (2.3) can be formulated as an explicit
optimization problem. If & is of infinite cardinality, then (2.3) can be solved with
iterative solution procedures from semi-infinite optimization [HK93,RR98]. One of
the key contributions of robust optimization has been to show that for sets & of
infinite cardinality but specific structure, one can apply duality theory to transform
problem (2.3) into an explicit optimization problem. We illustrate this approach with
an example.

Example 2.2.1. Assume that I = 1, X C R", E = {é eRﬁ_ : WE §h} for
W e R™kandh € R, and g (x; &) = T A x for A € RF>" Also assume that E
is nonempty and bounded. We can then reformulate the constraint in problem (2.3)
as follows:

gi(x;§) <0 VéecE & gug{gl(x;%‘)}so

& max {ETAx : WE<h} <0
gerh

& min {hT)L WL > Ax} <0
AeR’j’r

& hTA <0, wTa > Ax for some A € R”_ﬁ.

Here, the third equivalence follows from strong linear programming duality. We
have thus transformed the semi-infinite constraint in problem (2.3) into a finite
number of constraints that involve x and new auxiliary variables A.

Much of the early work on robust optimization focuses on generalizations of
the reformulation scheme illustrated in Example 2.2.1. Unfortunately, single-stage
models such as (2.3) are too restrictive for decision problems in temporal networks.
Indeed, the task start times can typically be chosen as a wait-and-see decision,
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and optimization problems that account for this flexibility provide significantly
better solutions. We discuss this issue in more detail in Chaps. 3—6. We are therefore
interested in two-stage robust optimization problems such as the following one:

inf sup inf {f(x)+q(y;x,&)}. 2.4)
X€EX E€E yeY(x6)

Here, ¢ is the objective function of the second-stage problem Q defined in (2.1b),
and Y(x,§) C R’. In this problem, the here-and-now decision x is accompanied
by a wait-and-see decision y € Y(x, &) that can be selected under full knowledge
of £. The temporal structure of this problem is similar to the two-stage recourse
problem (2.1), see Fig.2.1, left. The goal is to minimize the sum of first-stage
costs f(x) and worst-case second-stage costs supzeg Q(x;§), see (2.1b), where the
worst case is taken with respect to £. Two-stage robust optimization problems are
generically intractable, see [BTGGNO4]. A tractable approximation can be derived
from the following identity.

Observation 2.2.1 Forany X CR", E C RF and Y(x,£) € R!, we have

inf sup inf {f(x) +q(y;x,§)} = inf sup{f(x) +q(y(§):x.§)}.
x€X £€B yeY(x§) XE€EX, E€E8
YEYV(X)
(2.5a)

where for x € X,
Vx)={(y:E=R): yE) eY(x.£) YE€E}. (2.5b)

Observation 2.2.1 allows us to reduce the min—-max—min problem (2.4) to the
min—max problem on the right-hand side of (2.5a) at the cost of augmenting the set
of first-stage decisions. For a given here-and-now decision x € X, J(x) denotes the
space of all functions on E that map parameter realizations to feasible wait-and-see
decisions. A function y is called a decision rule because it specifies the second-stage
decision in (2.4) as a function of the uncertain parameters £. Note that the choice of
an appropriate decision rule on the right-hand side of (2.5a) is part of the first-stage
decision. The identity (2.5a) holds regardless of the properties of X and & because
Y(x) does not impose any structure on the decision rules (such as measurability).

Since )(x) constitutes a function space, further assumptions are required to
ensure that the problem on the right-hand side of (2.5a) can be solved. A popular
approach is to restrict )(x) to the space of affine or piecewise affine functions
of &, see [BTGN09, CSSZ08, KWG]. As we will show in Chap. 6, this restriction
allows us to reformulate the model on the right-hand side of (2.5a) as an explicit
optimization problem. Figure 2.5 compares the scenario approximation from the
previous section with the decision rule approximation. In the left chart of that
figure, the support E of the random parameters & is replaced with a discrete-
valued approximation. For each possible realization (scenario) £¢, an individual
second-stage decision y(x;£F) may be chosen. In the right chart of Fig.2.5, the
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Fig. 2.5 Approximations
employed by two-stage
recourse problems (left) and
two-stage robust optimization
problems (right) for a random
vector £ with a continuous
probability distribution

support E of the random parameters £ remains unchanged, but the second-stage
decision y(x; &) is restricted to be an affine function of &.

For an introduction to robust optimization, see [BS04, BTGNO09]. Two-stage
robust optimization problems are discussed in [BTGNO09, CSSZ08, JLF07, LJF04,
LLMSO09, Sti09]. In recent years, the theory of robust optimization has been
extended to recourse problems and chance constrained problems. For further details,
see [BP0S5, BTGN09, CSST10,DY 10, GS10]. In Chap. 6 we will solve a makespan
minimization problem as a two-stage robust optimization problem. Instead of
approximating the optimal second-stage decision via decision rules, however, this
chapter presents a technique that provides convergent lower and upper bounds on
the optimal value of the problem. The upper bounds correspond to feasible solutions
whose objective values are bracketed by the bounds. We will compare that method
with two popular classes of decision rules.

2.2.3 Stochastic Dynamic Programming

Stochastic dynamic programming studies the modeling and solution of optimization
problems via Markov decision processes (MDPs). MDPs model dynamic decision
problems in which the outcomes are partly random and partly under the control of
the decision maker. At each time period, the MDP is in some state s, and the decision
maker takes an action a. The state 5" in the successive time period is random and
depends on both the current state s and the selected action a. However, the new state
does not depend on any other past states or actions: this is the Markov property. For
each transition of the MDP, the decision maker receives a reward that depends on
the old state, the new state and the action that triggered the transition.

In the following, we will restrict ourselves to discrete-time MDPs with finite state
and action spaces. We therefore assume that an MDP is defined through its state
space S = {1,..., S}, its action space A = {1,..., A}, and a discrete planning
horizon 7 = {0, 1,2, ...} that can be finite or infinite. The initial state is a random
variable with known probability distribution py. If action @ € A is chosen in state
s € S, then the subsequent state is s’ € S with probability p(s’|s,a). We assume
that the probabilities p(s’|s,a), s’ € S, sum up to one for each state—action pair
(s,a) € S x A. The decision maker receives an expected reward of r (s, a, s') € R if
actiona € Aischoseninstate s € S and the subsequent state is s € S. Without loss
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of generality, we can assume that every action is admissible in every state. Indeed,
if action @ € A is not allowed in state s € S, then we can “forbid” this action by
setting all rewards r (s, a, s’), s’ € S, to a large negative value. Figure 2.6 visualizes
the structure of an MDP.

At each stage, the MDP is controlled through a policy # = (7;);e7, Where

7 (also, ao, - - -, Si—1,ar—1; ;) represents the probability to choose action a € A
if the current state is s, and the state-action history is given by the vector
(s0,ao, - - -, 8—1,a,—1). Note that contrary to the state transitions of the MDP, the

policy 7 need not be Markovian. If the planning horizon 7 is infinite, then we can

evaluate a policy 7 in view of its expected total reward under the discount factor
A€ (0,1):

o0
E|Y Ar(se.arsi1) | so~ po|. (2.6)
t=0

Here, E denotes the expectation with respect to the random process defined by the
transition probabilities p and the policy x. The notation sy ~ po indicates that the
initial state so is a random variable with probability distribution py. If the planning
horizon 7T is finite, say 7 = {0, 1, ..., T}, then we can evaluate a policy 7 in view
of its expected total reward without discounting:

T

E|Y r(sian s | so~po|. @.7)
t=0

For a fixed policy m, the policy evaluation problem asks for the value of expres-
sion (2.6) or (2.7). The policy improvement problem, on the other hand, asks for
a policy m that maximizes (2.6) or (2.7). For both objective functions, the policy
evaluation and improvement problems can be solved efficiently via policy and value
iteration.

Example 2.2.2 (Inventory Management). Consider the following infinite horizon
inventory problem. At the beginning of each time period, the decision maker can
order a € Ny units of a product at unit costs c. The ordered products arrive at the
beginning of the next period. During each period, an independent and identically
distributed random demand § arises for the product. This demand is served at a unit

7’(507 a(): 51) T(Sl7 ay, 52)

. N YN\

ag a;
50 N S

Po p(Isg, ap) p(ls1, ay)

Fig. 2.6 Structure of a Markov decision process. The process starts in state 5o € S, which follows
the probability distribution pg. After the action ay € A is chosen, the new state s; € S follows the
probability distribution p(:|sg, ag), and an expected reward r(so, ao, 51) is received
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price p from the current inventory, and there is no backlogging (i.e., demand that
cannot be satisfied within the period is lost). The inventory can hold at most / units
of the product. The goal is to find an inventory control policy that maximizes the
expected total reward under some discount factor A.

We can formulate this problem as an infinite horizon MDP as follows. The state
set S = {0,..., 1} describes the inventory level at the beginning of each time
period. In state s € S, the admissible actions {0, ..., I — s} determine the order
quantity. Note that the actions are state-dependent in this example. The transition
probabilities are

Pl=s+a—s") ifs #0,

/

Piisa) Y2 P(8=1i) otherwise,
and the rewards are given by r (s, a, s’) = p(s + a —s’) — ca. Here we assume that
the random demand § is nonnegative with probability one. A policy 7 could order
o € N units whenever the current inventory falls below some threshold 2 € Nj.
This policy is defined through m; (a|so, ao, - - ., Si—1,a;—1;8) = 1if s, < Q and
a=w,ors, > Qanda = 0, and 7, (al|so, ao,...,S—1,d,-1:5;) = 0 otherwise.
Note that this policy 7 is Markovian.

There are numerous variations of the Markov decision process defined in
this section. For an overview of the major models and solution approaches, see
[Ber07, Put94].

In recent years, an approximation scheme called “approximate dynamic pro-
gramming” has received much attention. The interested reader is referred to the
textbooks [BT96, Pow07]. In this book, we will not consider the application of
Markov decision processes to temporal networks. The reader is referred to [BR97,
KA86, TSS06] and there references therein.

2.3 Optimization of Temporal Networks under Uncertainty

Decisions in temporal networks are often taken under significant uncertainty about
the network structure (i.e., the tasks and precedences of the network), the task
durations, the ready times and deadlines of the tasks, the cash flows and the avail-
ability of resources. In this book, we focus on problems in which the task durations
(Chaps. 3-6), the cash flows (Chaps.3 and 4), the network structure (Chap.4),
and the tasks’ ready times and deadlines (Chap.3) are uncertain. A problem
that accounts for uncertain resource availabilities is described in [Yan05]. Further
reviews on problems with uncertain network structure are provided in [Neu79,
Neu99, Pri66].

An optimization problem under uncertainty needs to specify when information
about the uncertain parameters becomes available, and what information is revealed
about them. Both issues are straightforward in the optimization problems reviewed
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in Sect.2.2. In a multi-stage recourse problem, for example, we observe the
subvector &' of the uncertain parameters £ at the beginning of time period ¢ + 1, see
Fig.2.1, right. Likewise, in a stochastic dynamic program, we observe the current
state of the MDP at the beginning of each time period.

The situation is different for temporal networks, and it is this difference that
complicates the modeling and solution of decision problems in temporal networks.
It is customary to assume that the duration and cash flow of a task is observed
when the task is completed. However, the completion time of a task depends on
the task’s start time, which is chosen by the decision maker. Hence, in contrast to
the problems studied in Sect. 2.2, the times at which we learn about the random
parameters depend on the chosen decision. Recourse problems with decision-
dependent uncertainty are studied in [GG06, JWW98], and a robust optimization
problem with decision-dependent uncertainty is formulated in [CGS07]. However,
the resulting optimization problems are computationally demanding, and they
typically have to undergo drastic simplifications before they can be solved.

Apart from the time points at which information becomes available, optimization
problems in temporal networks differ from other problems in the type of the revealed
information. In many cases, the task durations and cash flows in a temporal network
do not correspond to individual parameters, but they are functions of multiple
parameters (as is the case in factor models). In such problems, we do not observe the
uncertain parameters themselves, but we accumulate knowledge about them with
the completion of each task. We can use this information to exclude parameter
realizations that are not compatible with the observed durations and cash flows.
In contrast, the multi-stage recourse and robust optimization problems reviewed
in Sect.2.2 assume that the decision maker can directly observe the uncertain
parameter vector &.

Similar to the problems in Sect. 2.2, optimization problems in temporal networks
can contain here-and-now as well as wait-and-see decisions. Here-and-now deci-
sions are taken before any of the network tasks are started, whereas a wait-and-see
decision associated with task i € V (e.g., its start time or resource assignment)
may depend on all information that is available at the time task 7 is started. Since
the early start schedule optimizes regular objective functions (see Sect.2.1), it is
relatively straightforward to model the task start times as a wait-and-see decision in
makespan minimization problems. We will consider problems with a here-and-now
resource allocation and wait-and-see task start times in Chaps. 4—6. The situation is
fundamentally different in net present value maximization problems where the early
start schedule is no longer guaranteed to be optimal. In Chap.3 we consider a net
present value problem in which the resource allocation is fixed, while the task start
times can be chosen as a wait-and-see decision.

We close this section with an overview of the literature on temporal networks
under uncertainty. Detailed reviews of specific topics will be provided in later
chapters.

Although temporal networks have been analyzed for more than 50 years,
see for example [Ful61, Kel61, MRCF59], the literature on temporal networks
under uncertainty is surprisingly sparse. Until recently, most research on temporal
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networks under uncertainty assumed a fixed resource allocation and focused on
the makespan of the early start schedule. Following the classification in [MO01],
we can categorize the literature into methods that identify “critical” tasks or
task paths [EImOO], simulation techniques to approximate the makespan distri-
bution [AK89], approaches that bound the expected makespan [BM95, BNT02,
MN79], and methods that bound the cumulative distribution function of the
makespan [LMSO01, MO1].

Optimization problems that maximize a network’s net present value under
uncertainty generally model the task start times as a wait-and-see decision, while the
resource allocation is assumed to be fixed. The problem has been approximated by
a two-stage recourse model in [Ben06], where an optimal delay policy is sought that
prescribes how long each task should be delayed beyond its earliest start time. Under
the assumption that the task durations are independent and exponentially distributed,
the net present value maximization problem is formulated as a continuous-time
Markov decision process in [BR97, TSS06]. Finally, approximate solutions for
net present value maximization problems have been obtained with a number of
heuristics, see [Bus95,0D97,098, TFC98, WWS00]. For an overview of net present
value maximization problems in temporal networks, see [HDD97].

Makespan minimization problems under uncertainty typically assume that a
resource assignment is selected here-and-now, while the task start times are modeled
as a wait-and-see decision. For non-renewable resources, the makespan minimiza-
tion problem has been formulated as a two-stage recourse model in [Wol85]
and as a robust optimization problem in [CGS07, CSS07, JLFO7, LJF04]. Except
for [CGS07], all of these contributions model the resource assignment as a here-
and-now decision. A makespan minimization problem with renewable resources is
studied in [MSO00].

For reviews of different aspects of optimization problems in temporal networks
under uncertainty, see [AK89, BKPHOS5, EIm05, HL04, HLOS, JWO00, LI08, MO1,
Pin08, Sah04].



Chapter 3
Maximization of the Net Present Value

3.1 Introduction

This chapter studies a temporal network whose tasks give rise to cash flows.
Positive cash flows denote cash inflows (e.g., received payments), whereas negative
cash flows represent cash outflows (e.g., accrued costs). We present a method
that maximizes the network’s net present value (NPV), which is defined as the
discounted sum of all arising cash flows. NPV maximization problems arise in
project management, process scheduling and several other application areas. For
example, in capital-intensive IT and construction projects, large amounts of money
are invested over long periods of time, and the wise coordination of cash in- and
outflows crucially affects the profitability of such projects. In this context, the NPV
can be regarded as the “cash equivalent” of undertaking a project.

We consider temporal networks whose task durations and cash flows are
described by a discrete set of alternative scenarios with associated occurrence prob-
abilities. Since the cash flows can be positive or negative, the early start policy (1.2)
does not yield an optimal solution, see Sect. 1.1. Similarly, the choice of scenario-
independent task start times frequently leads to infeasible schedules or severe losses
in revenues. Net present value maximization problems under uncertainty are most
commonly modeled and solved via Markov decision processes, see Sect.2.2.3.
While this approach allows to determine truly adaptive schedules that react to
the uncertainties revealed over time, the method quickly becomes computationally
demanding for large networks. In this chapter, we present a method that aims to
overcome this difficulty by determining an optimal (scenario-independent) target
processing time (TPT) policy for the network tasks. In case task i € V could
be started earlier than its TPT in the realized scenario, it will be postponed to its
TPT. If, on the other hand, task i cannot be started at its TPT (because preceding
tasks finish late), then it will be started as soon as possible thereafter. Following the
terminology from Sect. 2.2.1, we solve a two-stage recourse problem in which the
TPT policy is chosen here-and-now, whereas the factual task start times are modeled
as a wait-and-see decision. The class of TPT policies is a strict subset of the class of
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non-anticipative scheduling decisions. By restricting ourselves to this class, we can
solve the NPV maximization problem for networks of nontrivial size. We allow for
generalized precedence relations [EK90, EK92] but disregard resource restrictions.
We discuss these assumptions in Sect. 3.3.

The remainder of this chapter is organized as follows. In the next section we
summarize related literature. Section 3.3 formulates the problem that we aim to
solve, while Sect.3.4 describes the components of a branch-and-bound solution
procedure. Section 3.5 presents and interprets the results of a numerical study. We
conclude in Sect. 3.6.

3.2 Literature Review

Maximizing the NPV of a temporal network was first suggested in [Rus70].! The
paper considers problem instances (G, ¢, d, ), where G = (V, E) represents the
structure of the temporal network, {; the cash flow arising at the start time of task
i € V,d; the duration of task i and B = 1/(1 + «) the discount factor with internal
rate of return ¢ > 0. An arc (i, j) € E represents a finish-start precedence between
the tasks 7 and j, that s, task j must not be started before task i has been completed.
The assumption that the cash flows are realized at the beginning of the tasks is not
restrictive; we come back to this point in Sect. 3.3. All parameters are assumed to be
deterministic, and there are no resource restrictions. The problem can be described
as follows:

maximize Z LB
Y iev
subjectto  y € R" 3.1
yjzyi+di  V(.j)€E,
y1 =0.

Note that this formulation is identical to the NPV maximization problem (1.3)
discussed in Sect. 1.1. In problem (3.1), the components of the decision vector y
represent the task start times. The objective function maximizes the sum of dis-
counted cash flows. The constraints ensure satisfaction of the precedence relations
and nonnegativity of the schedule. Without loss of generality, it is assumed that
the first task is started at time zero. A deadline A can be imposed by adding the
constraint y, < A. In [Rus70], problem (3.1) is solved through a sequence of linear
programs whose objective functions are obtained by linearization around the current
candidate solution. The duals of these approximations can be formulated as network

flow problems, and the author proves local convergence of the overall procedure.

I'We will use a consistent notation for all models reviewed in this section. Therefore, we may
slightly modify some of the original formulations without changing their meaning.
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It is shown in [Gri72] that the variable substitution z;, = S converts
problem (3.1) into an equivalent linear program:

maximize E Lizi
Z

ieV

subjectto z € R"
5 <B%u V. EE.
21 =1,

7, > 0.

A deadline A can be enforced by replacing the last constraint with z, > B%.
In [Gri72] this problem is solved with a network simplex variant.

In [NZ00], the network simplex algorithm from [Gri72] is extended to temporal
networks I' = (G, ¢, d, ) with generalized precedences. Here, G = (V, E)
represents the network structure, ¢; the cash flow arising at the start time of task
i € V,d;; the minimum time lag between the start times of tasks i and j (d;; < Ois
allowed; hence, the precedences are called “generalized”) and A the discount factor.”
The authors solve problems of the following type:

maximize g(y) = Zg‘,ﬂy"
Y iev
subjectto  y € R" (3.2)
yizyi+d; V(.j)EE,
Y1 = 0.

It is shown in [DHO2, SZO1] that the algorithm presented in [NZO0O0] performs
favorably in practice. We will use this algorithm to solve subproblems that arise
in the branch-and-bound procedure from Sect. 3.4.

In [EH90], an approximate solution procedure for the NPV maximization
problem is proposed, while an exact method based on the steepest ascent principle
is developed in [SZO01]. Comparisons of the various approaches can be found
in [DH02,SZ01].

Over the last two decades, numerous publications have addressed extensions
of the deterministic NPV maximization problem, the majority of which allow for
different types of resource constraints. We do not provide more details on those
efforts and refer the interested reader to the extensive surveys [DH02, HDD97].
Interestingly, the incorporation of uncertainty has attracted significantly less atten-
tion, just as temporal networks under uncertainty have in general been neglected for
a long time.

2Generalized precedences are explained further in Sect. 3.3.
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Assuming independent and exponentially distributed task durations, a stochastic
version of problem (3.1) is considered in [BR97,TSS06]. Both contributions employ
continuous-time Markov chains whose states assign labels “not yet started”, “in
progress” and “finished” to all tasks. Continuous-time Markov chains were first
applied to temporal networks in [KA86]. The restriction to exponentially distributed
durations can be relaxed at the cost of augmenting the state space. However, the
number of states in the Markov chain grows exponentially with the network size,
even when assuming exponentially distributed task durations. As a result, these
methods are primarily applicable to small networks.

Several heuristics have been suggested for general task duration distributions.
A suboptimal task delay policy is determined via simulation-based optimization
in [Bus95]. The author points out that the problem is very challenging since the
objective function is highly variable but flat near the (suspected) optimum. A sim-
ulated annealing heuristic for discretized task duration distributions is presented
in [WWSO00]. A general solution approach for stochastic temporal networks based
on floating factor policies can be found in [TFC98]. The authors define the total float
of task i € V as the difference between its latest («;) and earliest (A;) start times
given some deadline and average task durations. For a fixed float factor o € [0, 1],
task i should be started as early as possible but not before time A; + a(k; — A;). It
is suggested to evaluate the impact of o via Monte Carlo simulation and to choose
the value of o that minimizes a composite risk measure (e.g., the probability that the
makespan or the overall costs exceed specified tolerances).

The method that comes closest to the one presented in this chapter is developed
in [Ben06]. Again, the network structure is assumed to be given as G = (V, E),
where an arc (i, j) € E stipulates that task j cannot be started before task i has
been finished. The author assumes that the cash flows are deterministic, whereas
finitely many scenarios s € S with associated occurrence probabilities p; specify
the uncertain task durations d, i € V. The goal is to maximize the expected
net present value over all scenarios, which is done heuristically by determining a
delay policy with the following two-stage procedure. In the first stage, the optimal
“average” task start times are approximated through the solution of the following
optimization problem:

maximize Z g B
y ,
ieV
subjectto y € R”

ijZpsteag{yHrd; s ) e EY VeV (L}

SES
»=0.
In this model, cash flow {; is assumed to arise at the start time y; of taski € V'; we

refer to Sect. 3.3 for a further discussion. The precedence constraints are imposed
to hold in expectation. This model is not convex, and the author uses a local search
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procedure to obtain locally optimal start times. In the second stage, a task delay
policy r is determined by setting r; = y{ and

rp=yi =Y pmax{yf +d} ()€ EY YV jeV\{L},

SES

where y* denotes an optimal solution to the first-stage problem. The fixed-delay
policy r prescribes to delay the start time of task i € V' by r; time units (compared
to its earliest possible start time, which itself depends on the realized scenario). This
approach is very attractive from a computational point of view, but it does not give
any guarantees with respect to optimality. We will revisit this method in Sect. 3.5
when we compare its solutions with schedules obtained from TPT policies.

Finally, we mention the contributions [OD97, 098], which maximize a network’s
NPV subject to capital constraints and multiple task execution modes. Capital is
treated as a randomly replenished resource which can be temporarily acquired at
given costs. The authors present an online scheduling heuristic to solve this problem.

3.3 Problem Formulation

We study temporal networks in activity-on-node notation (see Sect.1.1) with
generalized precedence relations. This means that we allow for both minimum and
maximum time lags between the start and completion times of the network tasks.
A minimum time lag of length § > 0 between the start times of tasks i and j is
modeled as a precedence relation (i, j) € E with positive value d;; = §, whereas
a similar maximum time lag of length § > 0 corresponds to a precedence relation
(j,i) € E with negative value d;; = —§. This allows us to represent both minimum
and maximum time lags by inequalities of type y, > y, + d,g. (p.q) € E,
where y, and y, represent the start times of tasks p and g, respectively. Since
the completion time of a task equals its start time plus its duration, this approach
immediately extends to time lags specified in terms of both start and completion
times. A finish-start precedence between tasks 7 and j (i.e., “j cannot start before
i has been completed”) reduces to a minimum time lag of value 0 between the
completion time of i and the start time of j. We refer to [EK90,EK92] for a detailed
discussion of generalized precedence relations, together with convenient ways of
specifying temporal networks in this format.

We consider problem instances Y = (G, S, p,{,d, A, B), where G = (V, E)
represents the network structure and S = {1,...,m} the index set of discrete
scenarios with occurrence probabilities p, for s € S. {7 denotes the cash flow
arising at the start time of task i € V in scenario s € S. The assumption that
cash flows arise at the task start times is not restrictive: imagine, for example, that a
cash flow z{ in scenario s € § arises when task i € V is completed. Assuming that
the discount factor is B and that the duration of task i/ amounts to & in scenario
s, the end-of-task cash flow z} is equivalent to a cash flow {f = B z} at the
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start time of task i in scenario s. The value of precedence relation (i, j) € E in
scenario s € § is denoted by d/;,. Without loss of generality, we assume that for
a given precedence (i, j) € E, d; is of equal sign for all s € S. We can then
define the subset of positive-valued and negative-valued precedence relations by
Et={(,j)€E:dj;>0VseS}and E- = E\ E*, respectively. In Sect. 1.1
we stipulated that task 1 (n) constitutes the unique source (sink) of the network. In
the light of generalized precedence relations, we now impose the same requirements
for the subgraph G = (V, E). In order to avoid unbounded problem instances, that
is, instances in which it is beneficial to delay some network tasks indefinitely, we
assume that there is a scenario-independent deadline A. Since we can choose A as
large as we wish, this assumption does not restrict the generality of the approach.
As before, B denotes the discount factor.

With the notation introduced above, the model we intend to solve can be
formulated as follows:

maximize  f(r,y) =) ps 5B (3.32)

SES iev

subjectto  r eR", y e R"™

y‘j‘ﬁ:max{sup{ylﬁ"+d;} :(i,j)€E+},rj} VjeV,sels,

ieV
(3.3b)
yi =yl +d;, Y@, j)eE . s€eS, (3.3¢)
yi <A Vses, (3.3d)
ri >0 VeV (3.3e)

For future use, we also define
Yy ={(r,y) e R" xR"™ : (r, y) satisfies (3.3b)—(3.3¢)} .

In model (3.3), r represents the desired TPT policy. This policy is chosen here-and-
now, that is, before the realized scenario is known. The wait-and-see decision y;
denotes the factual start time of task i € V if scenario s € § is realized. Since
the cash flows are realized at the task start times, the objective function represents
the expected NPV over all scenarios. The constraint (3.3b) uniquely specifies the
task start times y as a function of preceding start times and the TPT policy r. In
particular, the start time of task j in scenario s only depends on the start times of
preceding tasks i, (i, j) € E™, in this scenario, the respective minimum time lags
and r;. Note that the value of vector y is uniquely determined by r and d. Hence,
y is not a decision vector in the ordinary sense, but it rather constitutes an ancillary
variable vector that is required to evaluate the expected NPV over all scenarios. The
constraint (3.3c) ensures satisfaction of the negative-valued precedence relations,
while the constraint (3.3d) enforces the deadline in all scenarios. Note that the
constraint (3.3d) cannot be replaced with maximum time lags between events
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1 and n since yy is allowed to be strictly positive (by choosing r; > 0). The
constraint (3.3e) ensures nonnegativity of the solution. We remark that r can be
chosen freely as long as the corresponding vector y satisfies all precedence relations
in every scenario. Fixing r to the zero vector, for example, entails that all tasks are
started as early as possible in every scenario. The relation enforced between r and
y as described by the constraint (3.3b) is in accordance with our definition of TPT
policies (see Sect. 3.1), and it constitutes a sufficient condition for non-anticipativity
of the solution. However, it is not a necessary condition for non-anticipativity, and
there might be feasible scheduling policies that result in better solutions.

Model (3.3) employs the expected value as decision criterion, which is in
line with the majority of contributions for NPV maximization under uncertainty.
Sometimes, however, cautious decision makers might take a more conservative
stance and wish to avoid excessive losses in any particular scenario. Model (3.3)
can account for individual risk preferences if the task cash flows ¢ are replaced with
associated utilities. In this case, the model maximizes the expected (discounted)
overall utility [Fis70]. Note also that the described model allows both the cash
flows and the task durations to depend on the realized scenario. This is desirable
as longer task durations typically imply higher task costs, which themselves have a
direct impact on the associated cash flows. In accordance with the existing body of
literature, the model disregards resource constraints and assumes a constant discount
factor B. Absence of resource restrictions constitutes a compromise that facilitates
tractability of the resulting model. Apart from computational considerations, one
could justify the absence of resource restrictions by the fact that NPV maximization
models are typically employed in the early stages of the planning process to evaluate
the profitability of an investment opportunity. At this stage, resource constraints may
be of minor concern and can sometimes be dealt with by managerial intervention
(e.g., in the context of project management by acquiring additional resources,
shifting holidays or relying on overtime).

A possible variation of model (3.3) is to find optimal task delays in the spirit
of [Ben06], see Sect.3.2. Instead of target processing times, we would then seek
for a scenario-independent task delay policy that specifies how much to defer task
J beyond the expiry of minimum time lags (i, j) € E™. The resulting formulation
is neither a special case nor a generalization of model (3.3): for a given problem
instance, either model can lead to a superior expected NPV. In view of exact
solution procedures, however, such a task delay formulation seems significantly
more involved than model (3.3).°> In Sect.3.5.1, we compare TPT policies with
task delay policies obtained from the two-stage procedure developed in [Ben06].
Finally, if the durations in model (3.3) do not depend on the realized scenario,
then the optimal TPT policy can be determined by solving a deterministic NPV
maximization problem with averaged cash flows ¢/ = Y ¢ ps¢f. This follows
from the linearity of the expectation operator.

3The reason for this becomes clear when we discuss the nodal bounds of the branch-and-bound
scheme in Sect. 3.4.1. While the bounds for model (3.3) are determined through linear programs,
the bounding problems that arise in the task delay formulation constitute nonconvex problems.
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(10, 10)

(100, 100) (10,-50) (100,100) (0, 0)

Fig. 3.1 Stochastic NPV maximization problem with two scenarios. The numbers attached to the
arcs denote the values of the precedences, while the numbers attached to the nodes represent cash
flows. In both cases, the first (second) number refers to the value in scenario 1 (2)

Let us examine the convexity properties of model (3.3). Leaving the objective
function aside for the moment (we could potentially linearize it by using the
variable substitution from [Gri72]), only the constraint (3.3b) requires investiga-
tion. Its right-hand sides are convex but generically not affine as they constitute
maxima of affine functions. Thus, the constraint (3.3b) leads to a nonconvex
set of feasible solutions. We cannot replace the equalities by greater or equal
constraints, however, as otherwise non-anticipativity can be violated in the presence
of network tasks with cash outflows. To illustrate this, let us assume that ¢ j <0 for
(j,s) €V x §. Ceteris paribus, it would be beneficial to start task j in scenario s
at the latest possible time consistent with all precedence relations, that is, at time
infrey {y} —d3; : (k) € E}. As this time can exceed both max;ey {y; + d};
(i,j)e E +} and r;, such a decision would anticipate the realized scenario and as
such violate causality.

The nonconvexity of problem Y can also be illustrated by the temporal network
in Fig.3.1. In this network, node 4 represents a dummy task that signalizes the
completion of all tasks. For two scenarios, p = (0.5,0.5), A = 20 and any 8 > 0,
the scenario-wise optimal (i.e., anticipative) solutions y' and y? are visualized on
the left side of Fig. 3.2. We see that task 2 is started as early as possible in scenario
1 as it leads to a cash inflow. The same task starts as late as possible in scenario 2,
however, since it leads to a cash outflow there. The right part of Fig. 3.2 shows the
(non-anticipative) schedules stipulated by TPT vector r = (0, 0,0, 0). Set (1) =
f((0,1,0,0),y5), A € [0,16], where y, denotes the unique task start time vector
that satisfies ((0,4,0,0), y;) € Yy for a given A. For a sufficiently large §, ¢ has
zero slope for A € [0, 2) (changing r, has no impact), a negative slope for A € (2,5)
(the start time of task 2 is postponed in scenario 1), a positive slope for A € (5, 8)
(task 2 is postponed in both scenarios), and finally a negative slope for A € (8, 16]
(tasks 2—4 are postponed in both scenarios). Thus, the network’s NPV is neither
convex nor concave in r.

The solution approach that we present in this chapter requires the scenario set S
to be of small cardinality, that is, it should not contain more than 20-30 elements.
While this may be seen as a limitation of the method, we remark that stochastic NPV
maximization problems are known to be challenging [HDD97, HLO5]. As an alter-
native to the presented approach, one could try to employ a scenario-free uncertainty
model. Popular scenario-free approaches to optimization problems in temporal
networks are based on exponentially distributed task durations, see [BR97,TSS06],
or employ a min—max objective, see Chap. 6 and [CGS07, CSS07]. However, both
approaches lead to challenging optimization problems themselves, the former one
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Fig. 3.2 Gantt charts for the scenario-wise optimal schedule (left) and the TPT schedule r =
(0,0,0,0) (right). The horizontal axis displays the elapsed time, while the vertical axis lists the
precedence relations. Arrows indicate the task start times

due to the curse of dimensionality in dynamic programming and the latter one due
to the nonconvexity and two-stage nature of model (3.3). In the future, heuristic
solution procedures may help to tackle instances of problem (3.3) with larger
scenario sets. The (exact) solution procedure discussed in this chapter can then be
used to assess the performance of such heuristics.

Suitable task duration and cash flow scenarios can be obtained from task-
wise estimates or via scenario planning techniques. In the former case, alternative
outcomes for the duration and the cash flow of a given task can be deter-
mined, for example, by employing three point estimates as in the classical PERT
model [MRCF59]. The scenario set S then results from the cross product of
all individual task outcomes. Clearly, this approach produces huge scenario sets:
even if we assume that every task contributes only three different scenarios,
we end up with a scenario set of cardinality 3!"!. However, scenario reduction
techniques may be used to determine a small subset of scenarios that describes
the aforementioned cross product as well as possible [HKR09, HR03]. Scenario
planning techniques, on the other hand, ask the decision maker to identify the
key drivers that affect the durations and cash flows of all (or many) tasks. In
the context of project management, key drivers could be the weather, commodity
prices and future exchange rates. One can then construct an initial set of scenarios
by attaching probabilities to the various combinations of possible driver outcomes
(e.g., via cross-impact analysis [GH68]). The number of scenarios can subsequently
be reduced by clustering techniques. Scenario planning techniques have gained
popularity in both theory [KY97, SchO1] and practice [Sch95].
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We close this section with an example that illustrates formulation (3.3).

Example 3.3.1. Consider the temporal network in Fig. 3.1, and assume that p =
(0.5,0.5), the deadline is A = 20, and the discount factor is f = 0.95. In this case,
model (3.3) becomes

maximize  1/2 (100-0.95yl1 +10-0.952 + 100-0.95y%)
Yy

+1/2 (100 £0.95" —50-0.95"% + 100 - 0.95y§)
subject to r e R, y € R

yl1 =r, y21 =max{yl1 + 2, rz},
yi = max {yll +10, y1 +2, r3}, y, = max {y31 + 2, r4},

yf =r, y% = max {Y12 + 5, rz},

y? = max {Y12 +10, y3 42, r3}, y? = max {y32 + 2, r4} ,
1 2
Yy =20, yy <20,

ri,12,13,74 2 0.

As we will show later in Example 3.4.1, this model is optimized by 7 = (0, 8,0, 0)
and (3], ¥3, 3. ¥3) = (0,8,10,12), s € {1,2}. Thus, the optimal TPT policy
assigns a target processing time of 8 to task 2, while all other tasks should be started
as early as possible. The factual task start times for this policy are 0, 8, 10 and 12
for tasks 1, 2, 3 and 4, respectively, and they do not depend on the realized scenario.
The optimal objective value is f(7,y) = 116.96.

Assume now that in either scenario, task 3 must start at most 7 time units after
task 1 has been started. We achieve this by adding a precedence (3, 1) to £ with
duration (d4,,d2,) = (—=7,—7). In this case, we would add the constraints

WEvi—T1 yizyi-T

to the optimization model. The TPT policy 7 is no longer feasible under this
additional constraint.

3.4 Solution Procedure

In the following, we present a branch-and-bound procedure for the solution of
model (3.3). Branch-and-bound algorithms solve optimization problems by implic-
itly enumerating the set of feasible solutions in a branch-and-bound tree 7. Every
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node of 7 represents a subset of the feasible solutions. The tree construction starts
at the root node, which represents the entire set of feasible solutions. Branch-and-
bound algorithms iteratively select tree nodes v € 7 for branching. When a node
T is branched, its set of feasible solutions, );, is split into several subsets whose
union coincides with ;. Every subset thus generated represents a “child” node of
7 in 7. In principle, nodes of 7 can be split until their associated solution sets
reduce (or converge) to singletons. In order to avoid such a complete enumeration,
one calculates bounds on the optimal objective value achievable at each tree node.
A node may then be fathomed as soon as it is guaranteed that it does not contain
any better solution than the best one currently known. The crucial components of
branch-and-bound procedures are the employed bounds, the branching scheme and
the node selection rule, that is, a recipe that specifies which node of 7 to split next.

In the branch-and-bound algorithm presented in this chapter we determine
an upper bound on the optimal objective value achievable at tree node t by
maximizing f', the objective function of (3.3), over a relaxation of )); that neglects
non-anticipativity. This is done by replacing the equalities in (3.3b) by greater or
equal relations. As long as the optimal solution (r, y) to such a relaxation contains
a variable y; that satisfies the strict inequality

Vi > max%sup {yf +dj; (G, ))€ E+} ,rj} ,
iev
non-anticipativity is violated (see Sects.2.2.1 and 3.3). In this case, the branching
scheme fixes y; to either r; orto y; + d{} forataski € V thatsatisfies (i, j) € E™T,
and every such fixation leads to a child node of t.
We now formalize this idea. The relaxed feasible set Zvy is defined through

yizy +d; VG, j)eE s€S,

yi=r; VjeV,sels,

& (ry) € Zy. (3.4)
vy <A VsesS,
ri =0 VjeV

Note that Zy constitutes a convex relaxation of )y as defined in (3.3). The
requirement that y; has to equal y; + d; for some i € V with (i,j) € E * or
r; will be enforced by restricting (7, y) to one of the hyperplanes

(r.y) @y =y,:"+dl:}} for(i,j)€e ET,s €S,

Zi =91y : V= rj} fori=jeV,ses, (3.5)
@ otherwise.
We identify a tree node t € 7 with the hyperplane restrictions it enforces, that is,

71 CV?xS.Fora given node 7, we define the set of feasible solutions, );, as well
as its relaxation, Z;, as
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Ye=Wrn () 2 ad Z=2rn () Z. (36

(i,j,s)ET (i,j,s)ET

achievable objective value at node 7 by maximizing f over Z; instead of );.
Given a TPT policy r € R’ , we define the induced schedule y(r) € R"™"
recursively as follows.

Yy € Zy implies that }; € Z;, and hence we obtain an upper bound on the

yi(r) = max{sug {yf(r) +dj; (G, ))€ E+} ,rj} ) 3.7

Remember that the precedence relations in E are nonnegative valued in all
scenarios s € S. If there is a cycle in E™, then all arcs in the cycle must be
associated with zero-valued precedences, for otherwise the network structure is
inconsistent (a task cannot be completed before it is started). Thus, the induced
schedule is well defined. Due to the relation between (3.7) and (3.3b), y; (r)
equals the factual start time of task j if the TPT policy r is implemented and
scenario s is realized. By construction, y(r) satisfies all minimum time lags in every
scenario. If y(r) also satisfies all maximum time lags in every scenario, that is, if
(r,y(r)) € Y, then we call r a feasible policy.

With this notation, the solution approach can be described as Algorithm 1.

Instead of storing the branch-and-bound tree 7 explicitly, the algorithm keeps a
list £ of nodes that have been constructed by Steps 1 and 4 but not yet selected by
Step 2. The relation between 7 and L is that t € 7 if and only if ¢ € £ at some
point during the execution of the algorithm.

In Step 1, L only contains the root node tp = @ C V2 x S. Hence, all non-
anticipativity constraints in (3.3b) are relaxed in the beginning. We use r* and f*
to record the best TPT policy found so far and its expected NPV. We assign an
expected NPV of —M to infeasible policies.

In Step 2, we first check whether we can terminate. This is the case if no more
nodes are available or eligible for further processing. Nodes are available for further
processing if £ is nonempty. Note that after Step 1, £ contains the root node 7y =
@ C V2 x S and thus is not empty. A node is eligible for further processing if its
upper bound exceeds f*, that is, if it can contain a better TPT policy than r*. If £
contains eligible nodes, then we select a node that attains the maximal upper bound.
In the following, we refer to this node as 7.

In Step 3, we calculate an upper bound on the maximal value of f over ;. This
bound is determined by the maximal value of f over the relaxed constraint set Z;
as defined in (3.6), and the corresponding optimal solution is denoted by (7, ). If
7 constitutes a feasible TPT policy, then we also obtain a lower bound f'(7, y (7))
on the (globally) best TPT policy. We use this lower bound to improve (r*, f*)
if possible. Note that y # y(F) in general: J contains the optimal task start times
when neglecting some of the non-anticipativity constraints. As such, y typically
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Algorithm 1 Branch-and-bound scheme for model (3.3).

1. Imitialization. Set £ = {7o} withto = @, r* = 0, f* = f(r™, y(r*)) if r* is feasible and
f* = —M otherwise.*

2. Node Selection. If £ = @} or

max sup f(r.y) < 7.
€L (ry)€EZ,

then go to Step 5. Otherwise, select a node t € £ with

T € argmax sup f(r,y)
€L (ry)EZ,:

andset £L = L\ {}.
3. Bounding. For the node 7 selected in Step 2, let

() = argmax {f(r.y) : (r.y) € Z}

be a solution to the upper bound problem at 7. If 7 is feasible and

fay®) > f*

where y@ is defined in (3.7), then set r* =7 and f*= f@, y@), that is, a new incumbent
TPT policy has been found.’
4. Branching. Let

v, = %(j,s)e VxS >max%sup{')7§+dfj : (i,j)eE+},'r\j}}
iev

be the set of task-scenario pairs violating non-anticipativity in (r,y). If V; # @, then select
(j,s) € V; according to some branching scheme and set

c=cu( U @ULG.79%8) U uiG.) o,
(it

Go to Step 2 (next iteration).
5. Termination. If /™ % —M, then r* represents the optimal TPT policy. Otherwise, the
problem is infeasible.

violates non-anticipativity, that is, the set 1, defined in Step 4 is usually nonempty.
The vector y(7), on the other hand, represents the task start times that result from
implementing the TPT policy 7 (see Sect.3.1). Although y(7) is non-anticipative
by construction, it may violate some negative-valued precedences (i, j) € E~.
In model (3.3), the constraint (3.3b) ensures that feasible solutions (r, y) € Vv
satisfy y = y(r). In the branch-and-bound algorithm, coincidence of y and y(7) is
established gradually by adding hyperplane restrictions Z’.

If the upper bound solution (7, y) violates non-anticipativity, then we select an
anticipating task-scenario pair (j, s) € V xS in Step 4 according to some branching
scheme. Among several branching schemes, including rules based on task start
times, numbers of incoming positive-valued precedences and gaps between task
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start times and their incoming positive-valued precedences, the following strategy
turns out to perform best: for every anticipative task-scenario pair (j,s) € V x S,
determine the minimum decrease in objective value caused by shifting j to the
expiration time of any of its incoming positive-valued precedences or to r; in
scenario s:

1G.5) = p [ | min g {8744~ 470 < Gy < £V 50

For j € V and s € S, n(j, s) approximates the minimum additional expected costs
of ensuring non-anticipativity for the task-scenario pair (j,s). We select the
anticipative task-scenario pair (j,s) with maximal 7(j,s). The hope is that this
greedy selection rule leads to a fast decrease of the nodal upper bounds. Having
selected a pair (j,s) € V x S, we create one child node for every possible fixation
of y; to one of its predecessorsi € V, (i, j) € E™. We also create a child node that
fixes y; to r;. These new child nodes U {(i, j,s)} and T U{(J, j,s)} are appended
to £, and then we go back to Step 2.

After finitely many iterations, £ does not contain any further available or eligible
nodes in Step 2. At this point, the algorithm enters Step 5 and delivers either an
optimal TPT policy or establishes the infeasibility of (3.3).

The correctness of the branch-and-bound algorithm is proved in two steps.
First, we show that the algorithm always terminates after a finite number of
iterations. Afterwards, we show that if the algorithm terminates, then it provides
the correct result. The proofs of these assertions require some additional notation.
We already described the correspondence between the node list £ and the implicitly
generated branch-and-bound tree 7. For any node t € 7 we denote the set of direct
descendants by D7 (7). Thus, we have that " € D+ (7) if and only if 7’ is added to
L as a result of branching t in Step 4 of the algorithm. We denote the set of all
(transitive) descendants of 7 in 7" by DX(t), that is, D7(t) contains all direct
descendants of t, all direct descendant of t’s direct descendants, etc. Similarly,
A7 (7) denotes the set of direct ancestors of T (a singleton). We have t € Ar(7') if
and only if 7’ € D (r). Finally, A%-(z) refers to all (transitive) ancestors of 7 in 7.

We now prove finite termination and completeness of the algorithm.

Theorem 3.4.1 (Termination). For any given problem instance, Algorithm 1 ter-
minates after finitely many iterations.

Proof. We show that the generated branch-and-bound tree 7 is finite. By the
correspondence between £ and 7, the claim then follows immediately. For every
v € T, |D7(7)| is bounded by |V|, because an anticipating task-scenario pair
(j,s) € V x S can only be fixed to either one of its preceding tasks i € V with
(i,j) € ET ortor;.If (j,s) € V; is branched upon, then (j,s) ¢ Vi for any
transitive descendant " € DJ(t), because either (i, j,s) € v/ fori € V with
(i,j) € E* or(j.j.s) € T’. As aresult, no node T € 7 can possess more than nm
fixations. Hence, both the number of levels in 7 and the fan-out within each level
are bounded, which proves finiteness of 7. O
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Theorem 3.4.2 (Completeness). Algorithm I returns f* = —M if the problem is
infeasible and a TPT policy r* with

(r*. y(r*)) € argmax { f(r.y) : (r.y) € Vr}

otherwise.

Proof. We first show that the algorithm correctly identifies infeasible instances. The
algorithm classifies a problem as infeasible if f* = —M after termination. Note
that f* can only change in Step 3. For this to happen, however, r* needs to be
feasible, implying that a feasible solution in ); (and, a fortiori, in Yy) has been
found. Thus, for any infeasible instance, the algorithm returns f* = — M, that is, it
correctly recognizes the problem’s infeasibility.

If instance Y is feasible, then it has an optimal solution: the existence of a
finite deadline, together with the assumption of a unique source in the subgraph
(V,E +), ensures that Yy is compact. The continuous function (3.3a) thus attains its
maximum over Yy due to the Weierstrass maximum theorem.

We now prove that if the problem is feasible, then the algorithm finds an
optimal solution. To show this, let 7°P' be an optimal TPT policy. We examine
the branch-and-bound tree 7 generated by the procedure. Let 7' = {‘L’ eT:
(P, y(rerY) € yt}, that is, 7" consists of all the tree nodes of 7 that contain
the optimal solution (r°, y(r°P')). Note that 7' # @ since it contains at least
the root node of 7. We now remove from 7’ all nodes that have descendants
in 77, that is, 7”7 = T' \ U,es A% (7). By construction, 7 # @ holds as
well. Let us fix an arbitrary T € 7. During the execution of the algorithm, t
has either been selected in Step 2 or not. If it has never been selected, then the
inequality f(r°P", y(r°™)) < max{f(r,y) : (r,y) € Z;} < f* must hold at the
end of the algorithm, implying that a TPT policy at least as good as r°"* has been
found. If = has been selected in Step 2 at some point, then we know by definition
of 7" that t has not been branched. This is only possible if V; = @, that is, if
(7,9) € argmax{f(r,y) : (r,y) € Z,} is non-anticipative, where (7,7) denotes
the upper bound for t determined in Step 3. In that case, however, r* has been
updated to 7 in Step 3 (if necessary) and thus, a TPT policy at least as good as r°P*
has been identified by the method. O

The algorithm description does not contain any dominance rules. In fact, the
dominance rules that prevail in the literature (see [BDM 199, DH02]) are based
on partial schedules. The tree nodes of 7, on the other hand, represent sets of
complete schedules which may not yet be feasible due to their anticipativity. As
a result, classical dominance rules such as the “superset—subset” rule [DH02] are
not (directly) applicable. Whether other dominance rules can be used beneficially to
enhance the algorithm remains an area for further research.

Step 3 of the branch-and-bound procedure requires the efficient solution of

max { f(r,y) : (r.y) € Z:} (Y ()
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for nodes t € T, where Z; results from the intersection of Zy with the hyperplanes
indexed by 7, see (3.4)—(3.6). In the following, we refer to this problem as Y'(7).
T () is equivalent to the following optimization problem:

maximize Z Ds Z ¢ B
Yy

SES iev

subjectto r e R*, y e R"

yvi+dj i@ j.s)er

i V(@i,j)e E,seS,

’ {Z y; +dj; otherwise

)= if (/. ].5) € .

y; i it j.s) et VjieV,ses,
> otherwise

vy <A VseS,

ri >0 VjeV.

In analogy to the deterministic model (3.1), we could employ the substitutions
ti=pB7,j €V, andz, = ,3}’}, j € Vands € S, to transform this problem
into an equivalent linear program. As we will show in Sect. 3.4.1, however, Y ()
can also be reformulated as a deterministic NPV maximization problem. The latter
approach improves the performance of the branch-and-bound procedure since the
specialized algorithms reviewed in Sect. 3.2 outperform linear programming solvers
by several orders of magnitude, see [SZO01]. In Sect. 3.4.2 we discuss how to exploit
information from the father node in the branch-and-bound tree when solving Y'(7).
This allows us to further speed up the calculation of nodal upper bounds as the
algorithms reviewed in Sect. 3.2 require significantly fewer iterations when warm-
started from near-optimal solutions.
We close this section with an illustration of the branch-and-bound procedure.

Example 3.4.1. Consider again the temporal network in Fig.3.1 with scenario
probabilities p = (0.5,0.5), deadline A = 20 and discount factor 8 = 0.95. For
this problem instance, the branch-and-bound algorithm proceeds as follows.

We start with Step 1, where we set £ = {10} with tp = @ and r* = 0. The
induced schedule y(r*) is the early start schedule visualized in Fig. 3.2, right. Since
there are no maximum time lags, this schedule is feasible and leads to an objective
value of

1/2(100-0.95° 4+ 10-0.95% + 100 - 0.95')
+1/2(100-0.95° — 50 - 0.95” + 100 - 0.95'’) ~ 115.40.

Hence, we set f* = 115.40.
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The node t = 79 € L does not enforce any fixations yet. Hence, the problem
Sup(,. y)ez, J(r,y) in Step 2 is maximized by 7 = 0 and the anticipative task start
time vector y visualized in Fig. 3.2, left. The objective value is

1/2(100-0.95" + 10-0.95% + 100 - 0.95'°)
+1/2(100-0.95° — 50 - 0.95% + 100 - 0.95'%) ~ 118.16.

Since this value exceeds f* = 115.40, we remove node 7y from £ and continue.

In Step 3 we check whether the objective value of the induced schedule y(7)
exceeds the objective value of the induced schedule y(r*). Since 7 and r* are
identical, this is not the case.

In Step 4 we identify the set of anticipative task-scenario pairs for T = 79 as
Ve = {(2,2)}. We create two new nodes t; = {(1,2,2)} (“start task 2 in scenario
2 precisely d7, time units after task 1 has been started”) and 7, = {(2,2,2)} (“start
task 2 in scenario 2 at time r,”") and add them to L.

We are back in Step 2 with £ = {1, n}. For node t = 1t;, the problem
SUP( \ye z, f(r,y) is maximized by 7 = 0 and the early start schedule y shown
in Fig.3.2, right. We have already seen that the associated objective value is
115.40 < f* = 115.40. For node t = 1, the problem supy, )z, f(r,y) is max-
imized by 7 = (0,8,0,0) and the scenario-independent task start times
0. ¥5. 5. ¥3) = (0,8, 10, 12), s € {1,2}. The objective value of this solution is

1/2(100-0.95° 4+ 10-0.95° + 100 - 0.95'")
+1/2(100-0.95° — 50 - 0.95° + 100 - 0.95") s 116.96.

Since 116.96 > f* = 115.40, we remove 7, from £ and continue.

For node T = 15, we obtain y(¥) = y. Hence, f (7, y(r)) = 116.96, and we
update f* and r* in Step 3to f* = 116.96 and r* = (0,8, 0,0).

Since the solution (7, y) is non-anticipative, we obtain V; = @ in Step 4. We do
not branch 1.

Back in Step 2, the list £ only contains node t;. Since the objective value of
sup(, ez, f(r,y) for T = 71 is 115.40 and 115.40 < f* = 116.96, no eligible
nodes are left for branching.

We therefore go to Step 5 and return the optimal TPT policy r* = (0, 8,0, 0).
Figure 3.3 visualizes the branch-and-bound tree that we generated during the execu-
tion of the algorithm. Node 7; has been fathomed because its upper bound does not
exceed the objective value of the incumbent solution, whereas 7, has been fathomed
because its upper bound is attained by a feasible (i.e., non-anticipative) solution.
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& (r,y) € Yr

LB = 11540, UB = 118.16
(r,y) € Yr N 23,
LB = 116.96, UB = 116.96

(ra y) € y’Y‘ n 2122
LB = 11540, UB = 115.40

Fig. 3.3 Branch-and-bound tree generated in Example 3.4.1. The nodal upper and lower bounds
are denoted by “UB” and “LB”, respectively

3.4.1 Efficient Nodal Bounds

Given a stochastic NPV maximization instance Y = ~(G, S,p, ¢, d, A, B)and atree
node T € T, we define an instance I'(t) = @, ¢, d, B) of the deterministic NPV
maximization problem (3.2) as follows. G = (V, E) represents a network whose
nodeset V = {0, ..., 7} consists of three categories. The first category encompasses
the artificial start node 0, which provides a unique source for the network. The
second category consists of TPT nodesi = 1,...,n, which correspond to the target
processing times r;, i € V. The last category encompasses task-scenario nodes
p =sn+ifori € Vands € S, which represent the task start times in the different
scenarios. For a network with two scenarios, for example, nodes n + 1,...,2n
describe the start times of tasks 1,...,7n in scenario 1, respectively, and nodes
2n +1,...,3n =7 describe the corresponding start times in scenario 2. We assign
a cash flow of magnitude p,{? to task-scenario node p = sn +1i,i € V and
s € S, while the other nodes in V do not give rise to cash flows. Thus, the node-
related data of I'(r) can be summarized as follows:

Vv

{0,....,n} with W =n(m+1), (3.8a)

~ psCf iftp=sn+i,ieVandsels,
¢y = (3.8b)
0 otherwise.

We now construct the precedences E of I'(t). We establish zero-valued prece-
dences between the artificial start node O and all TPT nodesi = 1,...,n to ensure
nonnegativity of the solution. Next, we add zero-valued precedences between the
TPT nodesi = 1,...,n and the corresponding task-scenario nodes p = sn + i,
s € §. This guarantees that tasks are not started before their TPTs. For every
precedence (i, j) € E, we add to I'(7) a precedence of value d;; between p =
sn 4 i and ¢ = sn + j for every scenario s € S. This ensures that I"(7) obeys the
original precedence relations of Y in all scenarios. Fixations (7, j, s) € KZ x S are
modeled as tight maximum time lags between the respective nodes in V. Finally,
satisfaction of the deadline A is ensured by adding maximum time lags of duration
A between 0 and sn 4 n for all scenarios s € S.
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Fig. 3.4 For the stochastic

NPV maximization instance 9
in the left chart (only the 0‘.@
network structure is shown), e
the deterministic NPV scenario 1
maximization problem I'(zg) 0
with 7y = @ is visualized on
the right side o‘e.@
scenario 2
dpy = dj; =1 Yp 2 Yg — djj dpg = dj; =1
dyp = dj; =2 dyp = —dj; = -1

Fig. 3.5 Fori,j € V with a minimum time lag (i, j) € ET of duration 1 and a maximum
time lag (j,i) € E™ of duration 2 in scenario s € S, the left chart visualizes the corresponding
subgraph of G with p = sn +i and ¢ = sn + j. Conducting the fixation (i, j, s) replaces the
value of precedence (g, p) € E as shown on the right side

Summing up, E and d are defined as follows:
E={0.i):i=1,....n}U{(i.sn+i):ieV.seS}
U{(sn+1i,i): (,i,s) etjU{(sn+i,sn+j):(i,j)eE, seS}
U{(sn+ j,sn+i): (G, j,s)et,i#jU{(sn+n,0):seS},
(3.9a)
diy ifp=sn+i,gq=sn+j, ( j)eEand(j,is)¢r,
~ —di. ifp=sn+i,q=sn+j, (j,i)e Eand (J,i,s) €,
70 = g itp q 7. (1) (J.i.9) (3.9b)
—A ifp=sn+n,g=0ands eSS,
0 otherwise.
Note that if both an ordinary precedence (inherited from 1) and a fixation exist

between two no@s in V, then the latter constraint must be more restrictive. Hence,
the definition of d ignores the precedence from Y in such cases.

Example 3.4.2. Figure 3.4 visualizes the construction of I'(z) for a small example
network and 7o = @ (the root node of 7). On the right side of the figure, O represents
the artificial source, 1, ..., 4 the TPT nodes and 3, ..., 12 the task-scenario nodes.
The precedences (8, 0) and (12, 0) enforce the deadline A. Figure 3.5 illustrates the
fixation process.

The following theorem establishes the link between Y'(7) and I' (7).
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Fig. 3.6 Deterministic NPV
maximization problem I'(zy)
associated with the
branch-and-bound node 7; in
Example 3.4.1

Theorem 3.4.3. Consider a problem instance Y = (G, S, p,(,d, A,N,B)F,qutree
node © € T and the deterministic NPV maximization problem I'(t) = (G, ¢, d, B)
defined by (3.8) and (3.9).~Let')7 be an optimal solution to T'(t), wherey, denotes
the start time of task p € V. Then

1. Vi) € argmax {f(r.y) : (r.y) € Vr}.

Proof. Under the natural identification

(O V) O Vi) = (o) 1 yam)) = (1 9),

the feasible sets of I'(r) and Y'(7) coincide. Furthermore, the objective value of y’
in I'(7) equals the objective value of (r, y) in Y (7). O

Example 3.4.3. Consider the branch-and-bound node t; that is generated in the
solution of the stochastic NPV maximization problem in Example 3.4.1. Figure 3.6
visualizes the deterministic NPV maximization problem I"(zy) for this node. In the

figure, node O represents the artificial source, 1,...,4 the TPT nodes and 5, ...,12
the task-scenario nodes. A dotted arc (p, q) refers to a precedence with duration
d,,q = 0. Nodes O, ..., 4 have zero cash flows; we do not show these cash flows in
the figure.
The instance (7)) of the deterministic NPV maximization problem (3.2) is
maxiymize 50-0.957 4+5-0.95 4 50-0.95"

+ 50-0.95" —25-0.95"° 4+ 50-0.95""
subject to y € RP
Y1 =Yo, Y2ZYo, Y3Z=DYo. Y4Z=)o,
YsZ Y1, Yo=Y, Y6 =DY2, V1o = Y2,

VIZY3, Vi1 =Y, Y8 V4, Y2 = V4,
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Ye=ys+2, yr=ys+10, y1>ye+2, ys=yr+2,
Yiozyo+5 yuzyo+10, yu=yio+2, yo=yn+2,
Y9 = yio— 5,
Yo=ys—20, yo=yn—20,
Yo =0.
The optimal solution to this problem is
(Yo -+, y12) = (0,0,0,0,0,0,2, 10, 12,0,5, 10, 12)

with objective value 115.40, see Example 3.4.1.

3.4.2 Warm-Start Technique

A non-root node t’ differs from its ancestor t € A7(t’) by exactly one fixation.
Hence, an optimal solution to Y'(7) is likely to be very similar to an optimal solution
to Y (z’). This property carries over to the optimal solutions to the deterministic
NPV maximization problems I'(t) and I'(z’). This similarity of nodal solutions is
typical for branch-and-bound algorithms and is exploited by warm-start techniques.
In our context, this means that at node v/ we should warm-start the algorithm
developed in [NZ00] (hereafter referred to as NZ) with an optimal solution to I'(7).
The hope is that NZ requires significantly fewer iterations than if we apply it to a
standard initial solution.

Let us elaborate this idea. Assume that 7’ \ T = {(i, j,s)} for (i, j) € E™T; the
case T/ \ = = {(J,/,s)} for j € V is analogous. The precedence that relates i
and j is more constraining in I"(z’) than it is in I'(z). The modified precedence is
not fulfilled by the optimal solution found for I"(z), for otherwise (i, j,s) ¢ V; in
Step 4 of the branch-and-bound algorithm and hence (i, j,s) ¢ '\ 7. Since NZ is a
variant of the network simplex algorithm, it has to be started from a (primal) feasible
solution. If we enforced the fixation (i, j,s) € t’ \ t as a hard constraint, then we
would need to specify a feasible initial solution to I'(z’). Instead, we incorporate it
implicitly by penalizing its violation in the objective function:

gﬂ(’_)\;) = g(’_)\/') =+ n(ﬂ)j.m-‘-j _ ﬂis”+i+disj)_

Here, g denotes the objective function of problem I'(t), while g, constitutes the
penalized function for some penalty factor & > 0. Note that V, + j = Vonti + dlr}
holds for all feasible solutions to I'(t) and I"(z’) because the respective minimum
time lag is enforced in both problems. Hence, g, (7) < g(¥) for all feasible

solutions ¥, and g,(y) = g(¥) if and only if Y, q; = Veyi + d,:}, that is, if
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Y obeys the new fixation (i, j,s) € '\ 7. Note also that the penalized objective
function g, can be obtained from g by merely modifying two cash flows in I'(7):

C,—mBY ifp=sn+i,

Eﬂ,p = Ep + if p=sn+J, (3.10)
Ep otherwise.

Hence, we can solve the penalty formulation by applying NZ to the slightly modified
problem instance I';(7) = (G § 7 d , B). The following theorem shows how this
penalty formulation relates to I'(z'):

Theorem 3.4.4. Consider a problem instance Y = (G,S,p,(,d,A,B) and
7,7 C VZXS where Z. # @ and v/ \ t = {(i, j,s)}, (i.j) € E*. Moreover,
letTr(7) = 6. Zﬂ, d , B) be the modified deterministic NPV maximization problem
that penalizes the violation of (i, j,s) € V; in the branch-and-bound node t. Then
there exists a penalty factor wy > 0 such that for all ¥ > o, the optimal solution’y
to Ty (v) found by NZ satisfies

(i) Von+j =Vnt+i +dj; < Y e€agmax I'(');
(”) ’ysn+j 7é 7vn+i + dlsj <~ F('L'/) s infeasible.

Proof. We can assume that Zy N ij # @ since otherwise the assertion trivially
holds for any 7y > 0. The variable substitution presented in Sect. 3.2 transforms
I'(@) to an equivalent LP. Being a derivate of the network simplex algorithm, NZ
always terminates at a vertex of this LP, which in turn corresponds to a vertex of Zy
[NZ00]. Moreover, by the nature of the hyperplane fixations, the application of NZ
to I'(r) (and hence I'; (7)) always terminates at a vertex of Zy, too. Let V be the
finite set containing all vertices of Zy that do not lie on the hyperplane Z;. We can
assume V # @ since otherwise the assertion is trivially satisfied for any o > 0. For
every v € V, we can determine a finite penalty factor m, such that for all 7 > =,

g»(v) < min {gﬂ@ 7€ Zy N Zl‘]} .

The existence of m, follows from the fact that Zy is compact and g is bounded.
Set 7y = max,ey 7, and choose any & > 7. If the optimal solution y to I';; (7)
lies on the hyperplane Z7;, then it is optimal among all elements of Z; N Z7. Since
Jo coincides with g on Z7}; , ¥y must then be optimal for I"(z’). If, on the other hand,
v ¢ Z ;7> then the ch01ce of 7 implies that Z, N 27, = @, which is equivalent to
Z = {). The reverse implications, finally, hold by definition. O

In practice, we do not need to choose 7 explicitly to solve I'; (7). Indeed, if we
employ NZ to solve I';; (), then the values of all cash flows and dual variables in the
algorithm description (see [NZ00]) are of the form wa + b for a, b € R. Hence, we
can employ a variant of NZ that operates on tuples of cash flows and dual variables,
where the tuple (a, b) corresponds to the value wa + b for some undefined but
sufficiently large 7. The algorithm description from [NZ00] remains valid, the only
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differences being that (1) operations on cash flows and dual variables are performed
entry-wise, and (2) the variable that leaves the dual basis is chosen in lexicographic
order. This is reminiscent of the Big-M method in linear programming [Tah97].

Once we have obtained an optimal solution to I'; (), we can either discard the
tree node 7’ (in case infeasibility has been detected) or update the time lag d ,,
p =sn+ jand g = sn + i, indexed by v/ \ T = {(i, j,s)}. This allows us to
use the optimal solution to I'; (7) not just for the upper bound of node 7/, but also
as an initial solution to t/ € D7 (7’). The imposition of a tight maximum time
lag between p and g entails that we do not require the introduced penalty terms
anymore but can rather reuse the original cash flows ¢ in subsequent iterations of
the branch-and-bound procedure.

We close this section with an example of the warm-start procedure.

Example 3.4.4. Consider the solution to the deterministic NPV maximization
problem I'(z;) associated with the branch-and-bound node 7; in Example 3.4.1. In
comparison to the problem I'(zo) associated with the root node of the branch-and-
bound tree, I'(z]) contains an additional precedence (10, 9) of value d 199 = —5,
see Fig.3.6. The optimal solution ¥ to I'(zy) satisfies 9 = 0 and y1p = 8 and
therefore violates the new precedence constraint y9 > V9 — 5 contained in I'(z).
According to Theorem 3.4.4, we can enforce this new constraint by changing the
cash flows associated with tasks 9 and 10 to

Ce9=50—095"w  and  pio=-25+m

For m = 1,000, for example, we obtain 2:71,9 = —723.78 and Eﬂ,lO = 975. This
choice of cash flows guarantees that yj0 = Vo + 5 in any optimal solution, that is,
task 10 will be started exactly 5 time units after task 9 has been started. Note that
the combined cash flow of tasks 9 and 10 evaluates to

Cro B + Crro B0 = —723.78-0.95% + 975 0.95 = 30.66 - 0.95".

This cash flow is identical to the original combined cash flow of tasks 9 and 10 if
they are started in immediate succession:

To B% + L0 B0 = 50-0.957 — 25-0.95715 = 30.66 - 0.957°.

Hence, the changes in ¢, do not influence the task start times beyond the desired
fixation.

3.5 Numerical Results

In the first part of this section, we compare TPT policies with alternative policy
classes for the stochastic NPV maximization problem. In the second part, we report
on the scalability of the branch-and-bound procedure and assess its performance as
compared to CPLEX, a general purpose optimization package.
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Table 3.1 Example temporal network with three scenarios and occurrence probabilities p =
(0.3,0.2,0.5)

Scenario 1 Scenario 2 Scenario 3

8§ 4 9 § 7 % § 7 g
Task 1 9 —99.6 —74.0 3 61.0 55.2 3 439 39.8
Task 2 5 80.7 68.4 6 145.7 119.5 4 —126.3 —110.7
Task 3 5 —136.4 —115.6 6 4.5 3.7 3 —78.1 —70.7
Task 4 7 —28.6 —22.7 8 74.6 57.3 10 172.3 123.8
Task 5 6 —32.7 —26.8 3 —92.6 —83.9 8 —37.4 —28.7

Specified are the scenario-wise task durations &7, the corresponding cash flows z} at task completion
and their discounted equivalents ¢; at the task start times

Apart from the illustrative example at the beginning of Sect. 3.5.1, all considered
test instances are randomly constructed with an adapted version of the network
generator ProGen/max [NSZ03], which is known to generate difficult network
instances. For the construction of the network structure, we adopt the parameter
values used in the UBO instances of the PSP/max benchmark library® (scaled to
the respective problem size). For every scenario, the task cash flows are sampled
from a uniform distribution on [—100, 100], while the durations of the minimum
time lags are selected from a uniform distribution with support [1, 10]. As for the
maximum time lags, let §;; denote the start time difference between tasks i and j
in scenario s € S of the early start schedule. If the network structure (as obtained
from ProGen/max) prescribes a maximum time lag between i and j, then we set its

duration in scenario s to 8;; 8;‘} , where 6;; is chosen from a uniform distribution with

support [ 6, 0]. The parameters § and 6 describe the tightness of maximum time lags;
their values will be specified later. Similarly, we choose a value of § max;es A* for
the deadline, where A denotes the minimun_1 makespan for scenario s € S and 6 is
sampled from a uniform distribution on [ 8, 8]. Throughout this section, we employ
a discount factor of 0.9675.

3.5.1 TPT Policies and Alternative Problem Formulations

Consider the example network encoded through the data in Table 3.1 and Fig.3.7.
In order to obtain the corresponding problem instance Y (see Sect. 3.3), we apply
the following transformations: (1) we discount the cash flows to the task start times;
(2) we convert the maximum time lags to minimum time lags between the task
start times; and (3) we introduce an artificial sink node. The resulting network is
illustrated in Fig. 3.8.

6See http://www.wior.uni-karlsruhe.de/LSNeumann/Forschung/ProGenMax.
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(5,6,4) (0,0,0) (5,6,3)

(-15, -15, -15)

(0,0,0) (0,0, 0)

(-13,-13, -13) (7.8,10)

(-7,-8,-10)

Fig. 3.7 Example temporal network in the notation of [EK92]. Fori € V, node is (i f) represents
the start (completion) event of task 7. The numbers attached to an arc (7, j) describe the minimum
amount of time that event i must be realized before event j in the three scenarios

(5,6,4)

(5.6, 3—12, ~13,-10)
—24,-18, -18) (6,3.8)
© (=22, -16, -16)
(9, 37 (7,8, 10)

Fig. 3.8 The (standardized) problem instance Y for the network described in Table 3.1 and
Fig.3.7. The triples of numbers attached to the arcs represent the values of the corresponding
precedences in the three scenarios. The cash flow vector ¢ is given in Table 3.1

—

For a deadline of A = 30, the optimal TPT policy is r* = (0,12, 18, 3,22).
Here and in the remainder of this section, we suppress the artificial sink node in
the results. Policy r* has an expected NPV of 6.25, which results from NPVs of
—121.2, 151.6 and 24.6 in scenarios 1, 2 and 3, respectively. The corresponding
schedules are presented in Fig. 3.9. We can identify the tendency to schedule tasks 1
and 4 early, whereas tasks 3 and 5 are delayed. This is in line with the expected cash
flows of the tasks. Note that task 2 has a negative expected cash flow and should
as such be scheduled late. We cannot assign a TPT larger than 12 to it, however,
since otherwise the maximum time lag between tasks 1 and 3 would be violated in
scenario 2.

The formulation (3.3) properly takes into account uncertainty but results in a
difficult optimization problem. Hence, it is tempting to relax the computational
burden by solving a simplified model to obtain a feasible schedule with an
acceptable expected NPV. In the following, we compare TPT policies with three
alternative approaches, namely rigid policies, nominal TPT policies and task delay
policies obtained from the two-stage approach in [Ben06], see Sect. 3.2 (hereafter
referred to as TD policies). Rigid policies stipulate scenario-independent task start
times that satisfy the minimum and maximum time lags in all scenarios. Contrary to
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Fig. 3.9 Gantt charts for the (1,3

optimal TPT policy. The

horizontal axis represents the (4.4 (3,5)
elapsed time, while the 1

scenario 1

vertical axis lists the network
tasks. Arrows between the
tasks indicate finish-start
precedences, whereas
maximum time lags are
visualized by bars above

the charts

(1,4) (3,5)

——

scenario 2

(1,4) (3,5)

scenario 3

TPT policies, rigid policies never require tasks to be delayed beyond their specified
start times. Optimal rigid policies can be determined by solving a deterministic
NPV maximization problem which contains the time lags of all scenarios. Nominal
TPT policies are obtained from a deterministic NPV maximization problem with
expected values for both the uncertain time lags and the cash flows. The solution to
this deterministic problem can be interpreted as a TPT policy: every task is started
as early as possible, but never before its start time in the nominal solution. Even if
the optimization problem which determines an optimal nominal policy is feasible,
the resulting TPT policy may be infeasible due to the existence of maximum time
lags and deadlines. Note that by construction, both rigid and nominal policies form
subsets of the class of TPT policies, and as such they can never lead to better
schedules than the optimal TPT policy determined by model (3.3). TD policies are
discussed in Sect. 3.2.

For our example, the optimal rigid policy corresponds to the task start vector
(0,10, 16,9,22) and an expected NPV of —9.5. The optimal nominal policy is
r* =(0,14.7,19.4,4.8, 23.6); this policy is infeasible, however, because the dead-
line is violated in scenarios 1 and 3, and the maximum time lag between tasks 1 and



3.5 Numerical Results 49

3 is exceeded in scenarios 2 and 3. Hence, the nominal policy leads to infeasible
schedules in all scenarios. The TD policy, finally, results in an expected NPV of 3.7.

Let us now determine schedules for a whole range of deadlines. Plotting the
expected NPVs versus the underlying deadlines results in a curve that can be
interpreted as the efficient frontier of the respective policy class. The efficient
frontiers of the TPT, rigid, nominal and TD policies are shown in Fig.3.10. The
TPT schedules are feasible for all considered deadlines and outperform all other
schedules. TD policies perform only slightly worse than TPT policies for deadlines
below 36 time units but become infeasible for larger deadlines. This undesirable
effect is caused by the approximation of a stochastic problem via a deterministic
one in the two-stage approach from [Ben06] (see Sect.3.2) and cannot occur for
the TPT policies determined by model (3.3). The class of rigid policies provides
feasible solutions for deadlines above 29 time units, but the resulting schedules
perform substantially worse than the TPT schedules. Nominal policies, finally, yield
infeasible schedules for all considered deadlines.

Since the findings from one single test instance may not be representative, we
compare the performance of the aforementioned policy classes on 500 random
test instances. Every instance accommodates three scenarios and ten tasks and is
constructed according to the specification outlined in the beginning of Sect. 3.5
with (8,0) = (1.25,1.50). For the resulting test set, feasible TPT policies exist
in 493 cases (98.6%). In contrast, feasible rigid policies can be determined for 258
instances (51.6%), feasible nominal policies for 148 instances (29.6%) and feasible
TD policies for 303 instances (60.6%). For those cases where feasible policies have
been found, Table 3.2 compares the resulting expected NPVs. It becomes apparent
that optimal TPT policies outperform the other policy classes on the chosen test set.
Although nominal and TD policies perform reasonably well on instances where they
lead to feasible schedules, they are of limited use due to frequent infeasibilities.

10 T T I I I
5+ L -7 —
2 /
& o/ / |
o S
B S
] ’ e
§ -5 _/,/ o ' n
[0] ’ .
10+ TPT policy |
’ TD policy ------
rigid policy - ------
| | | | |
25 30 35 40 45 50 55

deadline

Fig. 3.10 Efficient frontiers of TPT, rigid and TD policies. Nominal policies result in infeasible
schedules for all considered deadlines
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Table 3.2 NPV gains of TPT policies over rigid, nominal and TD policies

qo.1 (%) qo.25 (%) qo.5 (%) qo.75 (%) qo.9 (%)
Rigid policies 5.35 8.93 16.02 30.24 63.66
Nominal policies 1.71 2.17 4.74 7.64 13.47
TD policies —16.65 —3.72 2.50 23.43 49.32

The entries represent the relative increase in expected NPV when optimal TPT policies are
employed instead of the policy class printed in front of the respective row. g, denotes the ¢-quantile
over the considered instances

3.5.2 Performance of the Branch-and-Bound Procedure

In this section, we investigate the performance of the presented branch-and-bound
procedure and compare it with CPLEX 11.2, a state-of-the-art mixed-integer linear
programming solver. We also analyze the change in complexity when some of the
problem parameters are varied.

We first generate random test instances of problem (3.3) with ten scenarios,
(8,0) = (1.25,1.5) and 10, 20, ..., 50 tasks (minimum time lags) according to
the specification in the beginning of Sect.3.5. For every network size, we solve
100 instances with an implementation of the branch-and-bound procedure and with
CPLEX 11.2 on a quad-core Intel Xeon system with 2.33 GHz clock speed. In order
to solve problem (3.3) with CPLEX, we reformulate the constraint (3.3b) via special
ordered sets of type 1 [Wil99] to obtain a mixed-integer linear program. For every
instance, we limit the runtime of both CPLEX and the branch-and-bound scheme to
10 min and allow an optimality gap of 1%. If an instance is not solved within this
time, then the respective optimization run is considered unsuccessful and we record
the incurred optimality gap. Table 3.3 summarizes the test results. As expected,
larger problem instances are more difficult to solve with either method. Never-
theless, the presented branch-and-bound scheme finds optimal solutions for the
majority of the test instances. In cases where an optimal solution cannot be secured,
the procedure determines feasible TPT policies with moderate optimality gaps.
CPLEX, on the other hand, fails to find feasible TPT policies for a large percentage
of the test instances. Indeed, 10 min runtime only proves sufficient for small
instances with up to 20 tasks. We conclude that the presented branch-and-bound pro-
cedure compares favorably to standard mixed-integer linear programming solvers.

We now investigate the impact of two important problem parameters, namely
the number of scenarios and the tightness of the maximum time lags. To this
end, we first consider test instances with 30 tasks, (6,60) = (1.25,1.5) and 5,
10, 20 and 30 scenarios. Table 3.4 summarizes the performance of the branch-
and-bound procedure for this test set. As expected, the difficulty of problem (3.3)
increases with the number of scenarios. Although the time limit is not sufficient
to guarantee optimality for problem instances with 20-30 scenarios, the branch-
and-bound scheme consistently determines feasible TPT policies with moderate
optimality gaps. Let us now consider problem instances with 30 tasks, ten scenarios
and varying values of (6, 8). Table 3.5 shows that tighter maximum time lags (and
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Table 3.3 Performance of the branch-and-bound algorithm and CPLEX for various instance sizes

Size opt. feas. no sol. Runtimes (s) Optimality gaps (%)

q0.25 qo05 q0.75 q0.25 qo0s q0.75
10 98 2 0 0.00 0.04 0.57 1.3 1.5 1.5
100 0 0 0.08 0.13 0.41 n/a n/a n/a
20 82 18 0 0.09 0.70 47.29 3.1 5.8 7.8
79 11 10 2.20 20.20 398.96 5.5 172.8 o0

30 74 26 0 0.11 10.84 600.00 2.1 4.9 10.3
27 12 61 256.42 600.00 600.00 ) ) )

40 73 27 0 0.14 13.04 600.00 1.9 6.0 11.5
19 6 75 600.00 600.00 600.00 oo oo oo

50 69 31 0 0.11 15.36 600.00 3.0 5.0 14.3
2 2 96 600.00 600.00 600.00 0o 0o 0o

Columns 24 describe the numbers of instances for which optimal solutions, suboptimal but
feasible solutions, and no feasible solutions have been found, respectively. We also document
various quantities of the runtimes and optimality gaps. Each pair of rows describes the results
of the branch-and-bound scheme (first row) and CPLEX (second row)

Table 3.4 Impact of the number of scenarios (first column) on the complexity of the problem
instances

Scenarios  Opt.  Feas. Nosol.  Runtimes (s) Optimality gaps (%)
4q0.25 q0.5 q0.75 qo25  4qos 4075

5 98 2 0 0.01 0.14 1.6 45 4.8 4.8
10 74 26 0 0.11 10.84  600.00 2.1 4.9 10.3
20 34 66 0 5890  600.00  600.00 3.0 6.6 21.1
30 22 77 1 600.00  600.00 600.00 4.2 7.0 20.7

All instances exhibit 30 tasks and (6, §) = (1.25,1.5)

Table 3.5 TImpact of the maximum time lag and deadline tightness (0, 6) on the complexity of the
problem instances

Tightness Opt. Feas. No sol. Runtimes (s) Optimality gaps (%)

q0.25 q0.5 40.75 40.25 q0.5 40.75
0.79 21.55 600.00 2.7 5.1 13.2
1.25,1.50] 74 26 0.11 10.84 600.00 2.1 4.9 10.3
1.50, 1.75] 78 22 0.09 8.62 282.06 1.8 4.9 7.9
1.75,2.00] 88 12 0 0.01 0.25 11.05 2.0 4.9 6.6

All instances exhibit 30 tasks and ten scenarios

1.00, 1.25] 67 33

S O O

[
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deadlines) increase the difficulty of problem (3.3). Further investigations revealed
that tighter maximum time lags reduce the set of feasible TPT policies, which in turn
entails that the solutions (7, ¥) corresponding to the nodal upper bounds (see Step 3
of the branch-and-bound procedure) are more likely to violate the constraint (3.3b).
This, however, results in a less effective pruning of the branch-and-bound tree 7
since the nodal upper bounds differ largely from the objective values of feasible



52 3 Maximization of the Net Present Value

TPT policies. Nevertheless, the branch-and-bound scheme determines optimal or
near-optimal TPT policies for all considered settings.

3.6 Conclusion

We presented a model for maximizing the expected NPV of a temporal network
under uncertainty and discussed a branch-and-bound algorithm for its solution. We
illustrated the favorable performance of the model and demonstrated the superiority
of the solution algorithm over a state-of-the-art solver.

There is common agreement that in practice, NPV maximization problems in
temporal networks are affected by significant uncertainty. Our tests reveal that a
rigorous treatment of uncertainty is necessary in order to avoid infeasible or severely
suboptimal schedules. Properly accounting for uncertainty, however, inevitably
leads to computationally challenging problems, even when resource restrictions
are disregarded. Thus, the results in this chapter highlight the need for suitable
heuristics that allow the approximate solution of large-scale (and possibly resource
constrained) problem instances.

Apart from the development of heuristic solution procedures, two promising
directions for future work can be identified. Firstly, although being a popular
decision criterion in the literature on temporal networks, maximizing the expected
NPV seems to be in conflict with the risk aversion of decision makers. This problem
can be alleviated by mapping cash flows to utilities (see Sect. 3.3), but the resulting
decision criterion seems difficult to interpret. The considered model and parts of
the solution procedure can be extended to maximize the conditional value-at-risk
of the NPV. The conditional value-at-risk is further investigated in the next chapter.
Secondly, formulating and solving the stochastic NPV maximization problem as
a multi-stage recourse problem with decision-dependent structure would be of
interest. Albeit intractable for realistic problem sizes, such a formulation would
allow the precise quantification of suboptimality incurred from the restriction to
policy classes such as TPT and task delay policies.



Chapter 4
Multi-Objective Optimization via Conditional
Value-at-Risk

4.1 Introduction

In this chapter, we study an optimization problem that is defined on a temporal
network and that aims to simultaneously optimize several conflicting objectives: the
network’s makespan, the resource costs, as well as the availability and reliability
of the network. The availability and reliability of the network will be expressed
as decision-dependent probabilities, whereas the network’s makespan and the
associated resource costs will be modeled as decision-dependent random variables.
The model minimizes the conditional value-at-risk (CVaR) of the makespan and
resource costs while imposing constraints on the availability and reliability of the
network.

We apply the optimization problem to the service composition problem in
service-oriented computing. Service-oriented computing (SOC) is a software engi-
neering paradigm for organizing and utilizing distributed services. The central idea
is to develop computer applications by assembling services, which are (potentially)
located at remote sites. For an introduction to SOC, the reader is referred to
[Pap03]. In recent years, SOC has gained great attention from researchers and
practitioners alike. Indeed, nowadays virtually all major software vendors offer
rich portfolios of SOC-related products. Although industry currently focuses on
enterprise-wide solutions, it seems likely that the full benefits of SOC will only
be reaped in a global service market where providers and consumers of services are
dispersed among different companies, industries and locations. For this to happen,
however, several theoretical and practical hurdles have to be taken first. In this
chapter, we consider a particularly prominent one, namely the service composition
problem.

To motivate the service composition problem, we consider a global service
market. In such a market, web services cannot be composed to applications
manually for at least two reasons. Firstly, the size of a global service directory
quickly becomes too large for humans to process. Secondly, a global service market
can be expected to be highly dynamic. On one hand, this implies that there is no
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guarantee that a web service selected at design time will still be available at runtime,
or that its quality properties (such as response time) have not changed. On the other
hand, even if the selected service is available at runtime, better alternatives may
have emerged. In such a case, it is desirable to choose one of the alternative services
instead.

As a result, computer applications should not be designed in terms of specific
services (as currently supported by industrial products), but rather in terms of a
formal specification of the desired application behavior. At runtime, the computer
can then identify and suggest (or directly invoke) suitable services. This concept
is referred to as automatic service composition and poses itself at least two
interesting problems. Firstly, web services need to be described in a way that can
be “understood” by computers. Secondly, algorithms need to be developed which
choose appropriate services for a given a specification. In this chapter, we will
concentrate on the second problem.

We define the service composition problem as follows: given a formal speci-
fication of an application’s behavior and a set of offered services, find a service
composition which satisfies the specification and maximizes the user’s benefit. The
specification “restructure a portfolio of stocks”, for example, could be fulfilled
by a composition of the services “collect historical stock data”, “forecast price
developments”, and “optimize portfolio value”, see [WGHO4]. The user’s benefit of
a service composition is determined by an aggregation of the quality properties of
the services involved. The quality of a web service, in turn, is determined through
its invocation costs, response time, availability, reliability, etc. [Men02, OEHO02].
Further details and a general overview of service composition can be found
in [MMO4].

In a global service market, where market participants do not know each other
in person and contract enforcement is difficult, quality of service (QoS) becomes
a crucial decision criterion. Previous optimization-based approaches to the service
composition problem treat the QoS as a deterministic quantity [ZBNT04, AP0S5,
GYTZO06]. However, quality criteria such as the response time and the invocation
price depend on the demand for the respective service. Given a constant amount of
computational resources, the response time that a service provider can guarantee is
inversely related to the demand. At the same time, prices are positively correlated
with the demand. The demand for a service, in turn, fluctuates over time. Part of
this erratic behavior may be explained by seasonal patterns, but future demand
remains inherently uncertain. This bears similarity to the demand for electric
energy [Den99], computational resources [KCO02] and other non-storable goods,
which is arguably uncertain. As a result, both the response time and the costs of
a service should be regarded as stochastic, and the service composition problem
should be treated as a decision problem under uncertainty.

As we have discussed in Chap. 2, there are two different approaches for handling
uncertainty in a quantitative decision optimization framework. Either uncertainty is
expressed by probability distributions, in which case we speak about risk, or it is
denoted by uncertainty sets around deterministic values, which leads to the notion
of ambiguity. Both concepts of uncertainty — risk and ambiguity — lead to different
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formulations of the resulting optimization model. In the case of ambiguity, we obtain
robust optimization formulations (Sect. 2.2.2), while in the case of risk, we obtain
stochastic programs (Sect. 2.2.1) or Markov decision processes (Sect. 2.2.3). In this
chapter, we study an optimization model that combines both notions of uncertainty.
The concept of risk is used to describe the QoS criteria of different web services.
The model aims to optimize the CVaR of the network’s makespan and resource
costs, both of which depend on the QoS criteria of the employed web services.
The concept of ambiguity, on the other hand, is used to describe the uncertainty
underlying the structure of the temporal network, which is caused by conditional
branches in the computer application.

This chapter is organized as follows. Section 4.2 provides an overview of the
service composition literature and relates other models to the approach presented in
this chapter. Section 4.3 outlines the notation as well as the setup of the optimization
model, which is presented in Sect. 4.4. Section 4.5 illustrates the optimization model
by means of an example, while Sect. 4.6 investigates the scalability of the model. We
conclude in Sect. 4.7.

4.2 Literature Review

Given the broad scope of the service composition problem, it is not surprising that it
has attracted researchers from several different fields. In fact, the problem has been
addressed by both the artificial intelligence (Al) and optimization community. The
Al community treats the service composition problem as an Al planning problem
and concentrates on finding a service composition which meets a specified intention.
Due to the nature of the Al planning problem, the QoS of the resulting composition
is either ignored completely or merely incorporated in rudimental ways. As we focus
on QoS-aware service composition in this chapter, we do not consider Al techniques
any further and refer the interested reader to the surveys given in [Pee05, RS04].

The optimization community, on the other hand, assumes that offered services are
grouped into classes of equivalent functionality, such as “conduct identity check” or
“solve optimization model”. We say that services which belong to the same class are
semantically equivalent. In a global service market, it is reasonable to assume that
semantically equivalent services with varying QoS properties are offered. This can
be due to different providers offering similar services, or due to a single provider that
segments his market by offering standard and premium versions of the same service.
Contrary to Al planning techniques, which try to find services that meet a given
intention, optimization approaches assume that a workflow with well-specified tasks
(such as “book flight ticket” or “find hotel”) has already been constructed, either
manually or by an a priori solved Al planning problem. The goal is then to assign a
service to every workflow task such that a QoS-related utility function is maximized.
In the following, we briefly review some of the contributions that are directly related
to the approach presented in this chapter.
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The seminal paper [ZBNT04] has been the most influential contribution in
the area of optimization-based service composition to date. Apart from a local
method, which solves the assignment problem for every task individually, the
authors present several mixed-integer linear programming (MILP) formulations for
the deterministic and stochastic service composition problem. In both cases, the
quality of a service is described by its response time, invocation costs, reputation,
availability and reliability. In the stochastic model, the response time of a service is
assumed to be normally distributed. The authors suggest to minimize the variance
of the overall duration, which they identify as the sum of service response time
variances along the “critical” workflow path. However, while concentrating on a
single critical path and disregarding the durations of all other paths is a valid strategy
for deterministic temporal networks, this method consistently underestimates the
network’s makespan under uncertainty, see Sect. 1.1 and [DHO2]. Contrary to the
deterministic formulation developed in [ZBN T04], which constitutes the basis for
many extensions such as [AP0S5, GYTZO06], the stochastic formulation did not
receive any further interest.

It is suggested in [CCGP07a, CCGPO7b] to determine randomized strategies
for the service composition problem. The idea is to substitute the binary service
selection variables with continuous ones and interpret these as probabilities for
setting the respective variable to one. This concept is very appealing as generic
MILPs constitute NP-hard problems and are notoriously difficult to solve. However,
the formulations presented in [CCGP0O7a, CCGPO7b] underestimate the overall
duration of the workflow because they assume interchangeability of the maximum
and expectation operator. As Sect. 1.1 shows, this can lead to arbitrarily suboptimal
solutions.

The paper [HCLCO5] formulates the service composition problem as a Markov
decision process (Sect.2.2.3). The authors formulate the problem for a sequential
workflow and do not explicitly consider the problem of finding an optimal solution.
Although Markov decision processes are well-suited for purely sequential work-
flows where service response times can be modeled as part of the reward function,
they become computationally demanding for generic (i.e., non-sequential) work-
flows. In fact, in such cases the response times form the state transition probabilities,
which leads to an exponential growth in states and tedious approximations in case
the response times are not exponentially distributed. The interested reader is referred
to [KA86, TSS06] for further information on these issues.

In [RBHJO7], the response time of a service is modeled as a random variable, too.
The authors use Monte Carlo simulation to investigate the distribution of the overall
duration of the network’s makespan. Albeit mathematically sound, the developed
approach is purely analytical, that is, it assumes that the services composition
problem has already been solved.

A very promising recent research direction is to account for service invocation
failures. Following the model suggested in [ZBNT04], virtually all service composi-
tion models address the problem of invocation failures by requiring minimum values
for the overall workflow availability and reliability. Albeit simple to formulate,
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this approach does not allow to recover from invocation failures, for example by
restarting the same service or by invoking a different one. Recently, a growing
number of publications investigates these issues, see [LKY05, WY06]. Related
texts investigate the possibilities to make a workflow more robust by invoking
“redundant” services, that is, particularly vulnerable workflow tasks are executed
several times in parallel by different services in order to increase the success
probability [JLO5, KD07]. We are not aware of any methods for the automatic
composition of workflows that incorporate these concepts, and the ideas are still
at a conceptual stage.

We conclude that the stochastic service composition problem is challenging from
a theoretical point of view. Although several attempts to tackle this problem can
be found in the literature, no completely satisfying method has been proposed. In
the remainder of this chapter, we present a method that aims to solve the service
composition problem in a mathematically sound and scalable way.

4.3 The Service Composition Problem

A service-oriented computer application constitutes a workflow of tasks that need
to be completed. Any such workflow can be described through a flowgraph, whose
nodes represent the tasks. Unlike temporal networks, flowgraphs can accommodate
various types of non-deterministic flow constructs such as loops and conditional
branches (i.e., “if-then-else” statements). For a general overview of workflow
constructs, the reader is referred to [vdAtHKBO3]. Popular workflow languages for
describing service-oriented computer applications are BPEL4WS, XLANG, WSFL
and XPDL, see [vdAO3]. Our treatment of service-oriented applications does not
rely on any particular language to characterize the underlying workflows. In con-
trast, we assume that we are given a finite set L of execution flows. Any execution
flow is determined through a set of tasks executed at a specific instantiation of the
workflow at hand, together with a set of precedence relations between those tasks.
Thus, a particular execution flow can be obtained from the underlying flowgraph by
selecting a particular branch for every if-then-else statement and a particular number
of iterations for every loop. Unlike the flowgraph, the corresponding execution flows
constitute temporal networks in the sense of Sect. 1.1, that is, they can be represented
by directed acyclic graphs G! = (V!, E’), I € L. The nodes of G, which we
denote by V! = {1,...,n;}, represent the tasks to be completed if the /th execution
flow is realized. For the sake of notational simplicity, we assume that node 1 is
the unique start node and node n; the unique terminal node of the network G'.
The arcs E! € V! x V!, on the other hand, represent the finish-start precedence
relations between the tasks in G/, that is, (i,j) e E ! imposes the constraint that
task j cannot be executed before task i has terminated. We say that the execution
flow G' is completed as soon as all tasks i € V! are completed. More information
about workflows and the corresponding execution flows is provided in Sect.4.5
and [ZBN104].
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In the sequel, we fix a specific workflow and assume that the corresponding
execution flows G, [ € L, are known. We let V = [J,¢; V' be the collection
of all tasks in the different execution flows. We assume that for every task i € V' we
can choose among finitely many services s € S(i) that are suited for accomplishing
task 7. We characterize the quality of a service by the following four criteria:

1. Response time t;;: The amount of time needed to complete task i by means of
service s. The parameter #;; is random as it depends on the demand for the
corresponding service.

2. Invocation costs cs: The price of service s when used for task i. The parameter
¢is 1s random since service providers try to smooth out demand fluctuations by
adjusting prices.

. Availability a;s: The probability that service s is available for addressing task 7.

4. Reliability r;s: The probability that task i is satisfactorily fulfilled if service s is
used.

(O8]

We emphasize that the approach presented in this chapter is not restricted to these
specific quality criteria. We assume that the response times and invocation costs are
integrable random variables and thus have finite expectations. Formally, we stipulate
that these random variables are defined on a probability space (E, F, P), where E
represents the sample space of outcomes, F denotes a o-algebra of subsets of £, and
IP is a probability measure on F. We then regard the response times and invocation
costs as measurable functions t;;,c;s : & = R4,i € V and s € S(i). We assume
that the distribution P underlying the responses times and invocation costs is known.
In fact, distributional information can be obtained from previous service invocations
or, if available, from historical market data.

Note that the availability (reliability) of service s for task i is not modeled as
a random variable, but as a probability a;; (r;;). This probability is related to a
Bernoulli random variable that takes the value 1 with probability a;; (r;) and O
otherwise. The former outcome indicates that service s is available (reliable) for
task 7, and the latter outcome indicates that it is not.

4.4 Mathematical Programming Formulation

Let us introduce binary decision variables x;; for i € V and s € S(i) with the
interpretation that x;; = 1 if service s is chosen for task i and x;; = 0 otherwise. In
the terminology of stochastic programming (Sect. 2.2.1), the variables x;; constitute
here-and-now decisions that must be taken before the uncertain response times and
invocations costs are known. The variables x;; must satisfy the constraints

Y xs=1  VieV, 4.1)
sES(i)

which ensure that exactly one service is chosen for each task. For the further
argumentation, fix an execution flow / € L and let yf : E +— R4 denote the
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random time point at which task i € V' is initiated in the execution flow /. In
the terminology of stochastic programming, the variables y,-l represent wait-and-see
decisions that can be taken under the knowledge of the uncertain response times and
invocation costs. By convention, the workflow execution begins at time 0, and the
start times of the individual tasks must satisfy the precedence constraints stipulated
by the execution flows G!,1 € L. Hence, foreach [ € L we require that

ylE =0 Vie V!, (4.22)
Vi =yl ® + > 6s(®) xis V(i j) e E". (4.2b)

SES(i)

Here and in the following, all constraints containing realizations § € E of the
uncertain problem parameters are understood to hold P-almost surely. Note that
yf is chosen after all uncertain parameters are revealed, which seems to violate non-
anticipativity [KW94, Pré95, RS03]: the uncertain response times and invocation
costs are revealed gradually when tasks are completed, and yi[ must only depend on
information that is available at the time when task i € V' is started in execution
flow [ € L. We will come back to this point later in this section, see Remark 4.4.1.

In the following, we denote the overall workflow duration and the total service
invocation costs for the /th execution flow by t/ : 8 > Ry and ¢/ : E — Ry,
respectively, where

f[(é) = yyl”(g) + Z tn;s(é) Xnyss

SES(i)

dE =" eul®) xis.

ievlseS(i)

Let us now assume that the decision maker uses the conditional value-at-risk
(CVaR) to quantify the risks associated with the time and cost uncertainties. As
discussed in Sect.2.2.1, the f-CVaR of a random variable z(£) represents the
expected value of z(§) under the assumption that z(§) exceeds its B-VaR, that is,
under the assumption that z(§) is among the (1 — B) - 100% “worst” outcomes.
Rockafellar and Uryasev have shown in [RUOO] that the B-CVaR of z(§) is

equivalent to
a€R

inf {a + ﬁE[z(E} —a]*} ,

where [x]+ = max {x, 0}. Hence, we can define the time and cost risk functionals
forall/ € L as follows:

Rl(x,y) = CVaRy, [{'(®)] = inf {a+ﬁ [z’(g)—ar}, (4.3a)
Ri(x.y) = CVaRg ['(®)] = ;gﬂg{wl_ ﬁE[c’@—aF}. (4.3b)
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The confidence levels §;, B. € [0, 1] are constants that reflect the decision maker’s
risk tolerance. The decision maker is said to be risk-neutral if ; = . = 0. In
this case, the risk functionals reduce to simple expectation values. By focussing
only on expected execution times and costs, however, one generally fails to hedge
against negative outcomes; see the discussion in Sects. 3.3 and 4.5. On the other
hand, the decision maker is said to be completely risk-averse if B, and §. are close
to 1. In this case, the risk functionals converge to the worst-case realizations of the
execution time and costs, respectively. Optimization problems that minimize worst-
case objectives are discussed in more detail in Chap. 6.

Note that at the time when the here-and-now decisions x;, are selected, we do
not know which execution flow G’ will be realized. Moreover, it is frequently
impossible to assign probabilities to the different execution flows. Hence, we assume
that the execution flow is ambiguous, and we aim to hedge against the worst possible
candidate execution flow. The worst-case risk functionals corresponding to the
overall execution time and the total service invocation costs are thus defined as

R = R!
(x.y) I}gLX{ Hx. )},

R (x,y) = max {R;(x, )} .

Next, we discuss the availability and reliability QoS criteria. The probability that
all services corresponding to x;, are available in the /th execution flow amounts to

Py = T X s = [ I @™
)

iev!seS(i) ieV! seS(

Here we have used the fact that for ; € Rand z; € {0,1}, >, o;z; = [[;(e;)*
if Y,z = 1. From the rightmost expression we can see that Pal (x) is a log-
linear function. This property will help us to simplify our optimization models
below. Furthermore, the probability that all services selected by x;; are satisfactorily
completed in the /th execution flow is given by

Pl(x) = l_[ Z Fis Xis = l_[ 1_[ (ris)™,

iev! seS(i) iev! seS(i)

which is also a log-linear function. Recall that the execution flows are assumed
to be ambiguous. Thus, the worst-case probabilities that all chosen services are
available or reliable, respectively, are obtained by taking the minimum over all
possible execution flows, that is, by

Py(x) = min P, (x),

P,(x) = min P! (x).
(x) min - ()
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By using the above definitions, the service composition problem can now be
formulated as a mathematical optimization problem over all admissible service
selections x;, and task start times y,-[ as follows:

minimize {R,(x,y), R.(x,y)}
Xy
subjectto  x;; € {0,1}, i €V, s € S(i),
yi:E-RieV.lelL, (4.4)

Py(x) = pa, Pr(x) > pr,
and (4.1), (4.2).

Problem (4.4) constitutes a multi-objective decision problem that attempts to
minimize two conflicting criteria simultaneously: the worst-case risk functionals for
the overall execution time and for the total service invocation costs. In this model,
availability and reliability are restricted to exceed the prescribed tolerance levels p,
and p,, respectively.

Remark 4.4.1 (Non-anticipativity). In problem (4.4), the task start times yi’ are
chosen after all uncertain parameters are revealed. This seems to violate non-
anticipativity [KW94, Pré95, RS03], which requires that y/ must only depend on
information that is available at the time when task i € V! is started in execution
flow [ € L. However, one can readily show that for a fixed service assignment x;q
and a given realization £ € E of the uncertain parameters, the constraint set (4.2)
is satisfied by some functions y!(£) if and only if it is satisfied by the early start
schedule 3’ : & +> R’/ defined through 7 (§) = 0 and

Vi®) =max (5 E) + ) 1@ xi (@))€ E Vjevivi.
e S€S(0)

The early start schedule ' (£) is well defined since the network G' is assumed to
be acyclic. Moreover, the early start schedule is non-anticipative since the task start
times only depend on the completion times of predecessor tasks. The risk functional
R;(x,y) is a non-decreasing function of ¢/(£), | € L, and R.(x,y), P,(x) and
P,(x) do not depend on the task start times y!(£). Hence, if a feasible solution
yf (&) to (4.2) is anticipative, then we can replace it with the corresponding (non-
anticipative) early start schedule ')75 (&) without sacrificing optimality.

As any multi-objective optimization problem, the service composition prob-
lem (4.4) does not have a unique solution. Instead, it has a family of Pareto-optimal
solutions: a feasible solution to (4.4) is said to be Pareto-optimal if there is no other
feasible solution that performs equally well or better with respect to one objective
and strictly better with respect to the other. Formally speaking, a feasible solution
(x*, y*) to (4.4) is Pareto-optimal if there is no (x, y) feasible in (4.4) with

R/(x*,y*) = Ri(x,y) and R (x*,y*) > R.(x,y)
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such that at least one of these two inequalities is strict. The set of Pareto-optimal
solutions defines an efficient frontier in the R,—R, plane. It can be found, for
instance, by solving the parametric time risk minimization problem

minimize  R,(x, y)
Xy

subjectto  x; €{0,1}, i €V, s e S@),
yi:E-R ieV.lelL,
R.(x,y) =,
Pu(x) = pa. Pr(x) = pr,
and (4.1), (4.2).

(P:i(y))

If we solve P;(y) for different values of y and plot the graph of the mapping y +—
min P;(y), then we obtain the set of Pareto-optimal solutions for problem (4.4).
Equivalently, we can find the set of Pareto-optimal solutions for problem (4.4) by
solving the following problem for different values of y:

minxirglize R.(x,y)

subj;ctto xis €{0,1}, i €V, s € S(@i),
yi:E-R ieV.lel,
Ri(x,y) =,
Py(x) = pa. Pr(x) = pr,
and (4.1), (4.2).

(Pe(y)

At this stage, we should mention that the multi-objective optimization prob-
lem (4.4) and the equivalent reformulations P, (y) and P.(y) may be too conser-
vative for decision makers with a high risk tolerance. Instead of using pessimistic
worst-case risk measures for the candidate execution flows, these decision makers
could use the following averaged risk measures:

Ri(x.y) =Y o' Ri(x.y). Pu(x) =) o' Pl(x.y).
leL leL

Re(x.y) =) o'Rl(x.y). Pr(x) =) o Pl(x.y),
leL leL

where ¢!, [ € L, are positive weights that sum up to one. Replacing the worst-case
risk measures with their averaged counterparts in problem (4.4) yields a new multi-
objective optimization problem, and the corresponding parametric optimization
problems P,(y) and P.(y) are obtained in the obvious way. In the following,
we restrict ourselves to the robust problem (4.4). Nevertheless, all conclusions of
this chapter are also valid for the models obtained from replacing the worst-case
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risk measures by their averaged counterparts. In particular, the computational
complexity of P;(y), P.(y), P;(y) and P.(y) is similar.

All numerical calculations presented below are based on the problem P;(y). In
the remainder of this section, we show how this problem can be approximated by a
mixed-integer linear program (MILP) that can be solved via standard optimization
techniques. By using representation (4.3) for the risk functionals and by taking
the logarithm of the equations involving P!(x) and P/(x), problem P(y) can be
reformulated as follows:

minimize z
x,y,z,ti,cﬁr,aﬁ,aﬁ
subject to xis €{0,1}, i eV, seS>),

yI:EmRy,ieV,lel,

i [ o
t+7c+.D|—>R+,lEL,

zeR, o a’,e[&.,leL,

1> ¢

o +(1-B)'E[t ()] <=
o+ (1—B)E[ch ®)] <7,

1) = v, E) + D s (§) Xy — 0,
e Xs;) e 4.5)
@ =0 > cuwl®) xis—al,
iev! seS(i)
VO =yE+ D @ x Y. e E
s€S(>)

Z Z In(ajs) xis = In(p,),

ievl seS(i)

Z Z In(ris) xis > In(p,),

ievl seS()

inszl VieV.

SES(i)

In this problem, all but the last constraints are understood to hold for all exe-
cution flows / € L. The real numbers z, a,l, and aé, as well as the integrable
random variables tﬂ_ (¢) and c’+ (&), represent auxiliary free decision variables for
all execution flows / € L. The above reformulation of P;(y) is manifestly an
MILP. However, if the random service execution times and costs are continuously
distributed, as will be the case for our examples in Sect.4.5, then problem (4.5)
represents an infinite-dimensional MILP. Moreover, the use of the expectation
operators requires multi-dimensional integration to evaluate the constraints. We
avoid these complications by replacing the sample space E with a finite subset of
scenarios £X, k € K, which is obtained by sampling from the probability distribution
P. Under this approximation, any random variable z(§) reduces to a finite set of
real numbers zX, k € K, while an expectation value of the form E [z(£)] reduces
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to the sample average | K |_1 Y kek 7% This sample average approximation makes
problem (4.5) computationally tractable, see [WAO8].

4.5 Case Study

We now investigate some of the properties of the stochastic service composition
model (4.5). To this end, we compare problem (4.5) with a deterministic model
that is representative for the mainstream approaches in the literature. The latter can
be seen as a deterministic version of P, (y), which involves only averaged quality
criteria. In the following, we refer to problem (4.5) as the risk-aware problem, while
the reference model is referred to as the nominal problem. Similarly, an optimal
solution to the risk-aware problem is called a risk-aware composition, while an
optimal solution to the nominal problem is referred to as a nominal composition.
By definition, the nominal problem is obtained from problem P, (y) if we replace
the response times and invocation costs with their expected values and treat the task
start times yf (&) as deterministic decision variables. This implies that the workflow
durations ¢/ (£) and the total service invocations costs ¢/ (£) become deterministic,
too, which renders the CVaR risk functionals redundant. In fact, the CVaR risk
functionals act like identity mappings when applied to deterministic quantities.

We compare the risk-aware and the nominal model by looking at the workflow in
Fig. 4.1, which is borrowed from an example in [ZBN T04]. The workflow consists
of six real tasks (nodes 2—7) and two artificial tasks (nodes 1 and 8). The outgoing
arcs of node 1 form an AND-split, that is, both paths emanating from node 1
have to be executed. The outgoing arcs of node 5, on the other hand, form an
XOR-split, that is, exactly one of the two paths emanating from node 5 needs
to be executed. Thus, we obtain two execution flows corresponding to the two
choices in the XOR-split, see Fig.4.1. We assume that two candidate services
are offered for every non-artificial task: a “standard” service which is cheap but
suffers from high response time variability, and a more expensive “premium” service

Fig. 4.1 Example workflow (upper chart) and its two execution flows (lower charts). All paths
emanating from node 1 (AND-split) and exactly one path emanating from node 5 (XOR-split)
have to be executed in the workflow.
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Table 4.1 Distributional parameters for the workflow in Fig. 4.1

Task Service Response times Invocation costs
opt. m.l. pess. opt. m.l. pess.
2 Standard 4.06 8.11 16.22 1.63 1.81 2.26
Premium 7.30 8.11 9.33 2.04 2.26 2.83
3 Standard 1.49 2.98 5.96 293 3.25 4.06
Premium 2.68 2.98 3.43 3.66 4.06 5.08
4 Standard 293 5.86 11.72 7.70 8.56 10.70
Premium 5.27 5.86 6.74 9.63 10.70 13.38
5 Standard 0.50 1.00 2.00 4.79 5.32 6.65
Premium 0.90 1.00 1.15 5.99 6.65 8.31
6 Standard 1.40 2.80 5.60 8.35 9.28 11.60
Premium 2.52 2.80 3.22 10.44 11.60 14.50
7 Standard 2.62 5.23 10.46 6.00 6.67 8.34
Premium 4.71 5.23 6.01 7.50 8.34 10.42

For each parameter, we specify the most optimistic (“opt.”), most likely (“m.l.”) and most
pessimistic (“pess.”) values

whose response time is less volatile. The response times and prices are modeled as
independent, beta-distributed random variables. We use beta distributions because
they can be asymmetric and have fat upper tails, which have been observed in the
empirical distributions of response times and service prices [RBHJO7]. Furthermore,
beta distributions are ubiquitous in the related research area of project scheduling,
see [DHO2]. A beta distribution is uniquely determined by its most optimistic, most
likely and most pessimistic values, that is, by its mode and the two extreme points
of its support. Table 4.1 lists the values that we assign to these three parameters for
the response time and invocation costs of every candidate service in the example.
The availabilities and reliabilities of all services are set to 1 in order to isolate the
effects due to uncertain response times and invocation costs.

We first set y = 34 and solve both the risk-aware and the nominal problem. When
solving the risk-aware model, we use a sample size of 100 and set 8, = . = 0.95.
When solving the nominal model, we use weighting factors p! = p> = 1/2 for both
execution flows. Since the response times and costs are random variables with given
distributions, the duration and the costs of the overall workflow are random, too.
Figure 4.2 shows the empirical probability density functions of the total service
invocation costs associated with the risk-aware and the nominal composition,
respectively, assuming that either execution flow is indeed realized with probability
1/2. We see that the realized costs are smaller than y = 34 in more than 95% of
the scenarios if the risk-aware composition is implemented. Similarly, the expected
costs are smaller than 34 if the nominal composition is implemented. In the latter
case, however, the costs exceed the target level 34 in roughly 50% of the scenarios.
This phenomenon, as well as the discrepancy between the density function shapes
(unimodal vs. bimodal), is due to the fact that the risk-aware composition chooses
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“standard” services, whereas the nominal composition chooses “premium’” services
for tasks 5 and 6. The high price variability of the “premium” service for task 6
leads to high costs if the second execution flow is realized. As the nominal problem
accounts for the expected values only, the choice of “premium” services for tasks 5
and 6 is perfectly understandable.

Figure 4.3 shows the empirical probability density functions of the overall
workflow durations of the risk-aware and the nominal compositions. We again see
that the risk-aware composition performs significantly better than the nominal one in
view of unfavorable outcomes. In summary, we find that the risk-aware composition
is far less likely to yield high costs or long execution times than the nominal
composition. Due to the correct treatment of the underlying randomness, the risk-
aware composition outperforms the nominal one even in terms of expected costs
and expected duration. A remarkable fact, which has been observed in the past (see,
e.g., [BTNOO]), is that the risk-aware solution barely sacrifices any performance
in the expected case in order to gain a high degree of robustness with respect to
unfavorable cases.
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Up to now, we have compared the risk-aware and the nominal model only for
one particular value of y. We can obtain all Pareto-optimal compositions for both
models if we regard y as an adjustable parameter. The risks associated with these
compositions are conveniently assessed via simulation, again assuming probabilities
of 1/2 for either execution flow. The resulting 0.95-CVaR risk levels of the overall
workflow duration and the total service invocation costs are displayed in Fig.4.4.
The graph of the mapping y +— minP;(y) (dashed line) is interpreted as an
efficient frontier. By construction, all risk-aware compositions lie on the efficient
frontier, and there is no feasible (and, a fortiori, no nominal) composition below it.
Put differently, all nominal compositions are dominated by risk-aware ones, in the
sense that for every nominal composition there exists a risk-aware composition with
smaller cost and duration risks. As Fig. 4.4 attests, the reduction of these risks can
be significant.

In all previous tests, the sample size in the risk-aware model was fixed to 100.
We now investigate the impact of increasing the sample size on the accuracy of
the resulting risk-aware compositions. To this end, we again set y = 34 and solve
500 instances of the risk-aware problem with sample size 50, 100, 150, 200 and
250. Each instance relies on a different set of samples and will thus result in a
different value for both the objective function (duration risk) and the left-hand
side value of the cost constraint (cost risk). Figure 4.5 visualizes the resulting
cost risk estimates as a boxplot. We can see that with increasing sample size, the
estimated cost risk converges to the true 0.95-CVaR of the costs associated with the
true optimal composition. Similarly, Fig. 4.6 shows the estimated objective function
values as a boxplot. A similar kind of convergence can be noticed. We can observe
that the approximations based on small sample sizes are downward biased. This is
a manifestation of the general result that any random sampling scheme provides
a statistical lower bound for the true minimum objective value of a stochastic
optimization problem, see [Sha03].
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4.6 Scalability

In order to examine the scalability of the presented approach, we solve randomly
generated test instances of the stochastic service composition problem (4.5). Every
test instance consists of four different execution flows, where any two of these
execution flows differ in at most 10% of their precedence relations. The algorithm
to construct an execution flow is a straightforward adaptation of the one presented
in [DDH93] for project scheduling problems. We again model the response times
and the invocation costs of the available services as independent beta-distributed
random variables. The quality requirements (costs, availability and reliability) for
the overall workflow and the QoS criteria of the candidate services are chosen such
that roughly 1/8 of all possible service compositions become feasible.

Figure 4.7 and Table 4.2 show the results for instances with 5, 10, ..., 50 tasks
and 5, 5-10, 5-20 and 5-30 candidate services per task, respectively. We solved
100 test instances for every parameter setting. The results were obtained for an Intel
Pentium 4 processor with 2.4 GHz clock speed, 4 GB main memory and the CPLEX
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Table 4.2 Results of the scalability experiment

Tasks Number of candidate services

5 5-10 5-20 5-30
10 100%  (n/a) 100%  (n/a) 100%  (n/a) 100%  (n/a)
20 100%  (n/a) 100%  (n/a) 100%  (n/a) 100%  (n/a)
30 100%  (n/a) 99%  (1.84%)  98%  (3.13%)  93%  (4.01%)
40 99%  (2.22%)  93%  (3.24%)  69% = (4.92%)  59%  (7.31%)
50 9%  (3.71%)  87%  (5.30%) 2%  (1.56%)  43%  (9.56%)

Shown are the percentages of solved instances (first value) and the median optimality gaps of the
unsolved instances (second value; in parentheses)

8.0 optimization package. In all instances, the sample size was fixed to 100. The
optimization was stopped as soon as an optimality gap of less than 1% was reached
or a time limit of 600s was exceeded. The figure reveals that the solution time
increases exponentially in both the number of tasks and the number of candidate
services per task. If we assume that real-life workflows do not have more than
30 tasks and 5-20 candidate services per task, then the risk-aware problem can
be solved within 1-2min. If significantly more candidate services exist for every
workflow task, then the computational requirements of problem (4.5) may become
unacceptable. In this case, one may try to reduce the computation time by conduct-
ing a task-wise pre-selection, which can be achieved through a local search method.

4.7 Conclusion

In practice, the precise quality of a web service is uncertain prior to its execution.
Nevertheless, most of the service composition models presented in the literature
are deterministic and thus require point estimates, such as expected values, for all
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quality measures. In this chapter, we demonstrated that such an approach may lead
to suboptimal decisions. We then presented a service composition model based on
stochastic programming which accounts for quality uncertainty in a mathematically
sound manner. A crucial observation has been that the workflow of a computer
application can be decomposed into a set of execution flows, each of which can
be represented as a temporal network. The stochastic service composition model
presented in this chapter allows to adjust for the risk attitude of the decision maker
in a straightforward way by selecting a risk tolerance level for each quality criterion.
We illustrated the favorable properties of the stochastic model through a small case
study. Finally, we showed that the stochastic service composition model remains
tractable for realistic problem sizes.

The work presented in this chapter can be extended in multiple directions.
Firstly, it would be desirable to improve the scalability of the model. To this end,
one could refine the crude Monte Carlo sampling employed in this chapter by
applying various discretization schemes commonly used in stochastic programming,
for example variance reduction techniques [PKOS5] and analytical discretization
procedures [Pfl01] based on stability criteria of stochastic optimization prob-
lems [RRO2]. Furthermore, due to the inherent difficulty of integer optimization
problems, heuristic and approximate solution procedures may prove beneficial.
Another fruitful avenue for extensions is to explicitly account for unavailable and
unreliable services. So far, all optimization models that we are aware of stipulate
a minimum availability and reliability, respectively, for the overall workflow. Such
an approach suffers from two major shortcomings. On one hand, reoptimization
is necessary whenever a service is unavailable or unreliable. On the other hand, the
resulting composition is overly cautious as it does not account for recourse decisions
that are available to the decision maker once a service turns out to be unavailable or
unreliable. First steps towards a proper modeling of availability and reliability have
been taken in [JLO5,KD07,LKY05, WYO06], but to the best of our knowledge, these
ideas have not been incorporated in any optimization model yet.



Chapter 5
Minimization of Makespan Quantiles

5.1 Introduction

In this chapter, we consider temporal networks whose task durations are functions
of a resource allocation that can be chosen by the decision maker. The goal is
to find a feasible resource allocation that minimizes the network’s makespan. We
focus on non-renewable resources, that is, the resources are not replenished, and
specified resource budgets must be met. The resource allocation model presented
in this chapter is primarily suited for project scheduling problems, and for ease
of exposition we will use project scheduling terminology throughout this chapter.
In project scheduling, it is common to restrict attention to non-renewable resources
and disregard the per-period consumption quotas that exist for renewable and doubly
constrained resources, see Sect. 2.1. Apart from computational reasons, this may be
justified by the fact that resource allocation decisions are often drawn at an early
stage of a project’s lifecycle at which the actual resource availabilities (which are
unpredictable due to staff holidays, illness and other projects) are not yet known.
Thus, the goal of such resource allocation models is to decide on a rough-cut plan
which will be refined later.

The first resource allocation models for project scheduling have been proposed
in the early 1960s. The basic model is the linear time/cost trade-off problem [Ful61,
Kel61], which considers a single resource and postulates affine relationships
between investment levels and activity durations. The affinity assumption implies
that the marginal costs of reducing a task’s duration do not depend on the current
investment level. In reality, however, the marginal costs typically increase with the
investment level because additional time savings are more costly to achieve (due
to reliance on overtime, rented machinery, complex process changes, etc.). Indeed,
linear programming theory implies that the assumption of constant marginal costs
results in a pathological resource allocation behavior: the investment levels of most
activities will be at one of the pre-specified investment bounds. This does not reflect
reality, where prudent project managers refrain from depleting their reserves in the
planning stage.

W. Wiesemann, Optimization of Temporal Networks under Uncertainty, 71
Advances in Computational Management Science 10,
DOI 10.1007/978-3-642-23427-9__5, © Springer-Verlag Berlin Heidelberg 2012
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In order to overcome this weakness, several nonlinear resource allocation models
have been suggested. A single-resource model with convex quadratic relationships
between investment levels and task durations is presented in [DHV195]. The result-
ing quadratic program can be solved very efficiently. Furthermore, the marginal
costs of reducing a task’s duration are increasing, as desired. A resource allocation
problem that assigns the single resource “overtime” to project tasks is formulated
in [JWO0O]. The authors postulate an inverse-proportional relationship between a
task’s duration and the amount of overtime spent on that task. Furthermore, the
per-period costs of overtime are assumed to be quadratic in the amount of overtime,
which leads to task expenditures that are linear in the investment levels. With this
choice of functions, the resulting model is convex and can be solved efficiently.
Apart from these two prototypical models, several solution procedures for single-
resource models have been proposed [DHO02].

So far we only mentioned single-resource models. By convention, these models
concentrate on the bottleneck resource within a company. In practice, however, one
frequently faces situations where multiple resources (e.g., both labor and capital)
are scarce and need careful rationing. Note that due to market frictions different
resources (such as permanent and temporary workers) are typically not equivalent
or exchangeable. Hence, a multi-resource problem cannot generally be converted
to a problem with a single “canonical” resource such as capital. To the best of
our knowledge, the only problem class that accounts for multiple resources is the
class of discrete multi-mode problems [DHO2], which also accommodates per-
period consumption quotas for the resources. Multi-mode problems assume that
every project task is performed in one of finitely many different execution modes,
and every execution mode implies a predefined per-period consumption of every
resource. Multi-mode problems are very difficult to solve due to their combinatorial
nature. Firstly, it is well known that consumption quotas per unit time lead to A/P-
hard “packing” problems since the early start policy (1.2) is no longer guaranteed
to be feasible, see Sect. 1.1. Secondly, the number of execution modes per activity
is likely to increase rapidly in the number of resources. As a result, exact solution
techniques are limited to small projects, and one typically has to resort to heuristics.

In this chapter, we present a continuous resource allocation model for project
scheduling. Contrary to existing continuous models, it can accommodate multiple
resources. Unlike multi-mode problems, however, the resulting optimization model
is convex and hence computationally tractable. The relationship between investment
levels and task durations is inspired by microeconomic theory, which makes the
model justifiable and amenable to economic interpretation. Note that in practice,
some of the resources might be discrete (such as staff or machinery). In this case,
one can either solve the model as a continuous relaxation and use randomized
rounding techniques, or one can treat the respective investment levels as integer
variables and solve the resulting mixed-integer nonlinear program via branch-and-
bound techniques.

In practice, some of the parameters of project scheduling problems (most notably
the work contents of the project tasks) are subject to a high degree of uncertainty.
One way to account for this uncertainty is to minimize the expected project
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makespan, see Chap. 3. However, as we have discussed in that chapter, the expected
value may not be an appropriate decision criterion in project scheduling due to the
non-recurring nature of projects and the high risks involved. Instead, it may be better
to optimize a risk measure that also accounts for the variability of the makespan.

As pointed out in Sect. 2.2.1, two risk measures have gained notable popularity:
the value-at-risk (VaR) and the conditional value-at-risk (CVaR). The a-VaR of a
random variable is defined as its «-quantile. For high values of @ (e.g., « > 0.9),
minimizing the a-VaR of the project makespan leads to resource allocations that
perform well in most cases. In recent years, VaR has come under criticism due to
its nonconvexity, which makes the resulting optimization models difficult to solve.
Moreover, the nonconvexity implies that VaR is not sub-additive and hence not a
coherent risk measure in the sense of [ADEH99]. Finally, VaR only refers to a
particular quantile of a random variable but does not quantify the degree by which
that quantile is exceeded “on average”, if it is exceeded. All three shortcomings are
rectified by CVaR. Roughly speaking, the @-CVaR of a random variable is defined as
the expected value of its (1 —a) * 100% “worst” possible realizations, see Sect. 2.2.1
and Chap. 4. Contrary to VaR, CVaR is a coherent and, a fortiori, convex risk
measure, which makes it attractive for optimization models. In the context of project
scheduling, however, the advantages of CVaR over VaR seem less clear. Firstly,
although the exact optimization of the «-VaR is indeed difficult, we will see in
Sects. 5.3 and 5.4 that we can efficiently approximate this value with high precision.
Furthermore, although being a convex risk measure, there is usually no “attractive”
closed-form expression for the CVaR, and one has to rely on costly approximation or
bounding techniques. Secondly, in the context of project scheduling it is not obvious
why a risk measure should be sub-additive. In a financial context, sub-additivity
relates the risk of individual asset portfolios to the risk of their combination.
Sub-additivity becomes more difficult to interpret in the context of managing an
individual project, however, since such a project cannot be combined with others
to form a project portfolio. Whether a quantification of the risk beyond a certain
quantile of the project makespan is desirable, finally, depends strongly on the
contractual agreements between the project partners. For an overview of stochastic
programming-based project scheduling techniques, see [HLOS5].

A popular alternative to the optimization of VaR and CVaR is robust optimiza-
tion, see Sect.2.2.2 and Chap. 6. Since robust optimization in its “classical” form
evaluates solutions in view of their worst-case performance, it can lead to very
cautious decisions. To alleviate this problem, robust optimization has been extended
to incorporate distributional information about the random variables [CSSO7]. Since
only partial knowledge is required about the distributions of the underlying random
variables, this is particularly attractive for applications in which distributions are
difficult to estimate. However, this comes at the cost of rather weak approximations
of the real distributions in common cases. Indeed, as we will see in Sects. 5.3
and 5.4, the use of robust optimization techniques can result in a significant
overestimation of the uncertain makespan of a project under commonly accepted
distributional assumptions.
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As part of this chapter, we extend the deterministic multi-resource allocation
model to the case of parameter uncertainty. We consider a two-stage chance
constrained problem in which the resource allocation is chosen here-and-now,
whereas the task start times are modeled as a wait-and-see decision, see Sect. 2.2.1.
We assume that the first and second moments of the uncertain parameters are
known, and we minimize an approximation of the «-VaR of the project makespan.
We also present a generalization of the stochastic resource allocation model that
accommodates imprecise knowledge about the moments. Contrary to the stochastic
resource allocation models commonly found in the literature, the approach pre-
sented here utilizes normal approximations of the task path durations. This allows
to employ a scenario-free approach which scales favorably with the problem size.
At the same time, we will see that normal approximations describe the uncertain
makespan significantly better than some of the bounds that are commonly used in
robust optimization. Normal approximations of task paths have been first suggested
for analyzing project makespans [DHO02]. Recently, they have been used to obtain
bounds for “risk-adjusted” deterministic circuit design [KBYT07]. The use of
normal approximations in the optimization of temporal networks has first been
proposed in [WKRa]. Although we present the VaR approximation in the context
of project scheduling, the formulation readily applies to other application areas of
temporal networks (e.g., the design of digital circuits and the handling of production
processes) as well.

The remainder of this chapter is organized as follows. In the next section we
present the deterministic resource allocation model. In Sect.5.3 we assume that
some of the problem parameters are random, and we minimize an approximation
of the @-VaR of the project makespan. Section 5.4 provides numerical results. In
Sect. 5.5 we illustrate how we can accommodate imprecise moment information.
We also discuss the iterative solution of the stochastic resource allocation model
based on semi-infinite programming principles. We conclude in Sect. 5.6.

5.2 Deterministic Resource Allocation

We define a project as a temporal network G = (V, E) whosenodes V' = {1, ...,n}
denote the activities (e.g., “conduct market research” or “develop prototype”) and
whose arcs £ € V x V denote the temporal precedences among the activities in
finish-start notation, see Sect. 1.1. Our goal is to find an optimal resource allocation
x € R%", where xf‘ denotes the amount of resource k € K = {1, ..., m} assigned to
activity i € V. Typical project resources are capital and different categories of labor
and machinery. Admissible resource allocations must satisfy process and budget
constraints. We assume that the process constraints are of box type, ¢ < x < ¢,
where ¢ and ¢ are given vectors in R’}". The components gf»‘ and Ef denote the
minimal and maximal investment levels of resource k in activity i, respectively.
The budget of resource k is denoted by By, and the budget constraints require that
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> .cy xK < By forall k € K. Note that all project resources are assumed to be non-
renewable, which has an impact on the admissible units of measure. The resource
“labor”, for example, can be measured in terms of man-hours. This implies that
higher numbers of man-hours lead to shorter activity durations, which is justified
by the fact that disproportionately many workers are needed in order to speed up
the task execution. Indeed, if this was not the case, the resource allocation problem
would (in the absence of per-period consumption quotas) become trivial.

In multi-resource allocation problems, we need to specify how the joint deploy-
ment of several resources affects the duration of a project activity. In the following,
we assume that activity i’s duration, d; : R x Ryt = Ry, is defined as
di(x;;0;) = w;/pi(x;). Here, w; > 0 denotes the work content of activity i. The
work content is dimensionless and can be interpreted as the level of “difficulty”
or “complexity” of performing task i. We denote by x; = (x},...,x") € R
the subvector of x that describes the resources spent on activity 7. The function
pi : R’y = R4 maps an investment vector x; to its associated “productivity”. The
inverse-proportional relation between d; and p; has intuitive appeal since higher
productivities should result in shorter task durations. As we will see in the following,
this relation preserves desirable properties of the productivity mapping p; .

We are thus led to the problem of specifying appropriate productivity mappings
pi . Natural candidates are production functions from microeconomics: a production
function determines the output quantity of a production process (e.g., the lot size of
a certain product) as a function of the input factors (e.g., the amount of labor and
capital employed). In our case, the output is a productivity, that is, the capacity to
carry out work that is related to the completion of a project task. Two classes of
production functions are common in microeconomics since they describe resource
interactions that are often observed in practice [MCWG95]. Limitational functions
describe production processes which combine the input factors in a fixed proportion
(e.g., cars consist of four tires and one steering wheel). Substitutional functions, on
the other hand, reflect processes where the abundance of some input factors can be
used to partially offset the shortage of others (e.g., different types of fertilizer in the
cultivation of land).

We define limitational productivity mappings as

pr(x;) = & min {ylxk ke K, yF >0}, (5.1)

Here, §; > 0 describes the efficiency of the process underlying activity i. We can
omit this parameter by scaling w;. The vector ¥; € R’} characterizes the optimal
input factor ratios, that is, the investment weights that lead to zero wastage. The
exponent y; > 0 determines the degree of homogeneity: for any scaling parameter
A > 0 we have d;(Ax;; ;) = A7%d;(x;;w;). Hence, a A-fold increase of every
input factor leads to a A?-fold decrease in task duration. Limitational productivity
mappings have zero substitution elasticity, that is, it is not possible to substitute one
input factor by another. The left part of Fig. 5.1 visualizes this type of productivity
mapping. In the context of project scheduling, typical examples of limitational
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Fig. 5.1 Activity duration depending on two input factors which are combined in a limitational
(left) and a substitutional (right) process. Abundance of a single resource leads to wastage in the
former case, whereas it leads to further time savings in the latter one

productivity mappings are predefined team structures (e.g., one foreman and five
untrained workers form a team) and the incorporation of machinery or materials
(e.g., four workers are required to operate one flexible manufacturing system). One
can show that if all activity durations are determined by limitational productivity
mappings, then the allocation problem can be reformulated as a single-resource
problem.

We define substitutional (Cobb—Douglas) productivity mappings as

k
PP =6 [T H". (5.2)

kekK

where §; > 0 is again an efficiency parameter that can be transformed away. The
exponents 1/fik € R specify the partial elasticities of d; with respect to x?‘ :

Ad; (xisw)/ox! — (@i /8] (x] )y [Tirp (xf‘)_‘*"k _
dl' (x,-;a),-)/xip (wi/(gi)(xip)—%p_l l—Ik#p (xlk)—lllik i

Hence, a marginal increase of xlf” leads, ceteris paribus, to a 1[/{7 -fold decrease of d;.
We furthermore see that d; is homogeneous of degree — Y, ¥X; this term has
the same interpretation as —y; in (5.1). The marginal rate of technical substitution
(MRTS) of input p for input g amounts to

—yP— —yk
MRTS. . — ad; (xizw;)/ox] —(@i /)] () ll_[k;ep (x) v oyl
Pa = o Nl i I I
ad; (xi; ;) /dx; —(w; /8) W (x9) Vi lnk;ﬁq (xk) vi vy x;

Thus, in order to keep the duration of activity i unchanged, a marginal decrease of
x? requires a (Y x?) /(¢ x”)-fold increase of x. The right part of Fig. 5.1 visual-
izes the Cobb—Douglas productivity mapping. In project scheduling, substitutional
productivity mappings arise from outsourcing decisions (part of an activity is done
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in-house, the rest is outsourced), flexible degrees of automation (labor and capital
are often substitutes within certain ranges) and flexible team structures (several
untrained workers can replace a trained worker).

In the following, we denote by V' and V® the sets of activities whose
durations are determined by limitational and substitutional productivity mappings,
respectively. We assume that V = VL U VS and VI N VS = @. The resulting
deterministic resource allocation model can be described as follows:

minimize y, + d,(x,; w,) (5.3a)
X,y

subjectto x € R%Y", y e R}

Y = yi +di(xi; ) V(i.j)€E, (5.3b)
ink < B Vk € K, (5.3¢)
ieV

ke [gik,zf] VieV,keKk. (5.3d)

In this model, the decision vector y € R’ contains the start times of the project
activities. The objective is to minimize the project makespan. Since we assume that
the temporal network has a unique sink node n, this is equivalent to minimizing the
completion time of activity n. Constraint (5.3b) enforces the temporal precedences
between the project tasks, while constraints (5.3c) and (5.3d) enforce the budget
and process constraints, respectively. For future use, we define X = {x € R7}" :
x satisfies (5.3¢) and (5.3d)}.

From a computational viewpoint, the following observation is crucial.

Proposition 5.2.1. Problem (5.3) can be formulated as a convex optimization
model.

Proof. Without loss of generality, we can assume that @, = 0. As a result, the only
nonlinearity occurs in constraint (5.3b). By a slight abuse of notation, we introduce
variables d € R’ for the task durations and replace constraint (5.3b) with

yi = yitd V(i,j)eE, (5.3b)
d,'pi (xi) > w; VieV. (5.3b”)
Because we are minimizing the project’s makespan, there is always an optimal
solution to the new model that satisfies (5.3b”) as equality. This establishes the

equivalence to the original model. By construction, d;p;(x;) is log-concave in
(d;, x;) for substitutional activities. For a limitational activity, we note that

dj,O,'L(X,') = Wi <~ d,'Sl‘ (I//’k_xlk)y’ > w; Vk € K I//’k > 0’
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Fig. 5.2 Deterministic resource allocation for an example project. The left chart illustrates the
project network and the activities” work contents (attached to the nodes). The right chart presents
the project’s makespan as a function of the resource budgets

and the left-hand side of the latter constraint is log-concave in (d;, x;) as well. Thus,
the feasible region of the extended optimization problem is convex. O

We illustrate model (5.3) with an example.

Example 5.2.1. Consider the project in Fig. 5.2, left. Apart from the missing cash
flows, it is identical to the temporal network in Fig. 1.1. Now, however, we interpret
the numbers attached to the network tasks as the work contents of the project
activities. We consider two resources with process constraints x* € [(1/4)e, 2¢]
and budget constraints ), erf‘ < 6, k € {1,2}. Activity 4 has a limitational
productivity mapping, whereas all other activities are described by substitutional
productivity mappings:

i M

(x))? (x2)"?  otherwise.

o) = min {2x/, x?} ifi =4,

Since the work content attached to the sink node 6 is nonzero, we introduce
an auxiliary variable t that represents the completion of the project. Using the
reformulation from Proposition 5.2.1, we can then formulate the deterministic
resource allocation model (5.3) as follows:

minimize T
d,x,y,t

subject to d eR%, x eR?, yeRi, T eRy
vzyit+di, y3zyitdi. ya=y+ds,
Ys=ya+dy, ys=y3+ds, Ye=ys+da,
Y6 = ys +ds, T = Yys+ ds,
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dy ()’ () = 1 ds(ed)' () =3,
do (x§)" (<) = 1,
2dyx) >4, dyxi >4,

6 6

xl,xze[(1/4)e,2e], Zx,-1§6, Zx,-2§6.

i=1 i=1
The optimal resource allocation for this problem is

x! & (1.22,1.38,0.80,0.52,1.03, 1.05)
and x% ~ (1.10,1.25,0.73,1.05,0.93,0.95),

and the associated makespan is T &~ 7.85.

Let us now investigate the impact of the resource budgets on the project’s
makespan. To this end, two of the curves in Fig. 5.2, right vary the budget of one
resource while the other budget is fixed at 6. The third curve simultaneously varies
the budget of both resources. Clearly, the project makespan decreases if we increase
the resource budgets. If we only increase the budget of resource 1, then resource
2 soon becomes a bottleneck and we cannot decrease the makespan beyond 3.72.
This is due to the fact that task 4 requires a larger amount of resource 2. If we
simultaneously increase the budget of both resources, however, we can avoid this
bottleneck by substituting resource 2 with resource 1 in the activities i € V \ {4}.
We obtain the minimal project makespan 2.71 by assigning a budget of 9.8 to both
resources.

We close with some remarks about the deterministic resource allocation model.
Firstly, if all productivity mappings contain rational exponents, then model (5.3)
can be formulated as a conic quadratic program [AGO03]. Depending on the values
of these exponents, this can lead to performance improvements over solving the
model with a general convex optimizer.

Secondly, model (5.3) only accommodates simple productivity mappings. Some-
times one may require nested productivity mappings that map investment levels
and/or productivity values to (new) productivity values. For example, a trade-
off between a limitational labor process (e.g., foreworkers and untrained labor
have to satisfy a proportion of 1:4) and capital (e.g., an outsourcing decision)
can be modeled as a two-stage process. It is easy to extend model (5.3) to
nested productivity mappings such that the resulting problem remains convex and
representable as a conic quadratic program.

Finally, the parameter values of the productivity mappings might be unavailable
in practice. Nevertheless, one can assume that at least the type of productivity
mapping (limitational or substitutional) is known for each activity. With this
knowledge, one can estimate the missing parameter values based on a set of
expected durations for different resource combinations.
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5.3 Resource Allocation Under Uncertainty

In the remainder of this chapter, we assume that the vector of work contents
constitutes a random vector with finite first and second moments. To emphasize the
difference to the deterministic setting in the previous section, we use the notation
@ for the work contents from now on. By convention, all random objects in this
chapter, which are indicated by the tilde sign, are defined on an abstract probability
space (€2, F,P). In contrast to the work contents, all other parameters remain
deterministic. For references to models in which the project graph G or the process
and budget constraints are uncertain, see Sect.2.3. It seems most appropriate to
treat the parameters of the productivity mappings as deterministic quantities. In
fact, it is unlikely that the decision maker can specify meaningful distributions for
them. Moreover, the impact of uncertain work contents can outweigh by far the
consequences of not knowing the exact productivity mappings. Thus, little accuracy
may be lost when the latter are assumed to be deterministic.

We consider static resource allocations that are chosen before any of the
uncertain work contents is revealed. The corresponding decision vector x is thus
a here-and-now decision, see Sect.2.2.1. Static allocations are frequently required
when some resources (such as labor and machinery) cannot be shifted between
different activities on short notice [HLOS5]. Even if it was admissible to adapt
the resource allocation during project implementation, a static allocation might
still be preferable from the viewpoint of computational tractability, see Sect.2.2.3
and [GGO06, JWWIS]. Contrary to the resource allocation x, we assume that the
activity start times y are allowed to depend on the realization of the uncertain work
contents . In the terminology of Sect.2.2.1, y is thus a wait-and-see decision.
Indeed, if y was modeled as a here-and-now decision, we would seek for a schedule
of a priori fixed activity start times that can always (or with high reliability) be
met [HLOS]. Since we assume the absence of consumption quotas per unit time
(see Sect.5.1), however, there is no benefit in knowing the activity start times
before the implementation of the project. Thus, fixed start times would unnecessarily
increase the project’s makespan in our setting.

In Sect. 2.2.1 we defined the o-VaR of a random variable as the ¢-quantile of its
probability distribution. In the face of uncertainty about the work contents, our new
goal is to minimize the «-VaR of the random project makespan. This results in the
following reformulation of the deterministic model (5.3).

minimize T (5.4a)
X,T

)za’

(5.4b)

subjectto  x € RY", 7 e Ry

T > Yy + dn(Xn; @)
P{3ay>0: _
Yy zyi+d;(xi;a)i) V(l,])GE

x € X. (5.4c¢)
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Model (5.4) constitutes a two-stage chance constrained stochastic program, see
Sect. 2.2.1. The uncertain work contents @ are revealed after the resource allocation
x has been chosen, but before the activity start times y are selected. The joint chance
constraint (5.4b) ensures that t is a valid upper bound on the project makespan
with probability at least . Since t is minimized, model (5.4) indeed minimizes the
a-VaR of the project makespan.

The fact that y is chosen after all uncertain work contents have been revealed
seems to violate non-anticipativity [Pré95,RS03]: in order to be implementable, the
start time y; of activity j must only depend on those work contents that are known
at the time when j is started. The uncertain work content of an activity, however, is
only known after its completion. Since model (5.4) principally allows y; to depend
on all components of @, the resulting optimal policy could therefore be acausal.
Fortunately, it turns out that similar to our findings in Chap. 4, the non-anticipative
early start schedule is always among the optimal solutions to problem (5.4). Since
the project graph is assumed to be acyclic, the early start schedule can be calculated
recursively via

¥ (x;@) = max {0,sup{yi*(x;?o') +di(xi;w;) 2 (i,)) € E}} VjieV
iev

for every fixed x. Note that this schedule is non-anticipative since the start time
of an activity only depends on the completion times of predecessor activities, that
is, only knowledge about the work contents of completed activities is required.
Furthermore, the absence of per-period resource consumption quotas guarantees
that the early start schedule is always feasible. Finally, since the makespan is a non-
decreasing function of the activity start times, the early start schedule minimizes
the makespan of the project for any fixed x and any fixed realization of @. Hence, if
an optimal solution to problem (5.4) contains an anticipative start time schedule y,
we can replace it with the (non-anticipative) early start schedule without sacrificing
optimality.

Two-stage chance constrained problems of type (5.4) are notoriously difficult
to solve [EIO7]. Several approximate solution methods have been suggested in the
literature, such as sampling-based variants of the ellipsoid method [EI07, NS06b],
convex approximation via CVaR constraints [WA08] and methods based on affine
decision rules [CSSO7]. In the following, we will consider a reformulation of
problem (5.4) that eliminates the two-stage structure. We will compare this approach
with direct approximations of (5.4) via CVaR constraints in Sect.5.4. Affine
decision rules are studied in Chap. 6.

We eliminate the two-stage structure of problem (5.4) by enumerating the activity
paths of the project graph. Apart from reducing the model to a single-stage problem,
this approach enables us to employ normal approximations for the distributions of
the path durations that can be justified by a generalized central limit theorem. The
number of activity paths can be exponential in the size of the project graph, see
Chap. 6. Since the considered reformulation will contain one constraint per activity
path, this implies that the model can potentially contain an exponential number
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of constraints. Sometimes, however, project instances may contain only moderate
numbers of activity paths. Furthermore, we will discuss a technique which alleviates
the problem of large path numbers in Sect. 5.5.2. We caution the reader that in other
application areas of temporal networks, the number of network paths can be huge.
In Chap.6 we will discuss a technique to minimize the worst-case makespan in
networks with large numbers of paths.

We recall that a path in a directed graph G = (V, E) constitutes a list of nodes
(i1,...,ip) such that (i1,is),...,(i,—1,1,) € E. We define an activity path P =
{i Lyovesl p} C V as aset of project activities that form a path in the project graph G.
We denote by P = {P’ } , the set of inclusion-maximal paths, that is, P contains all
activity paths that are not strictly included in any other path. Observe that for a fixed
vector of work contents, a project’s makespan equals the duration of the most time-
consuming path for those work contents. Hence, we can reformulate problem (5.4)
equivalently as follows:

minimize T (5.5a)
X, T
subjectto  x € RY", 7 e Ry

P(f =S dix@) VP e 5) > q, (5.5b)

iep!

x e X. (5.5¢)

Note that problem (5.5) only involves here-and-now decisions (x, 7) and hence
constitutes a single-stage chance constrained problem. Similar to constraint (5.4b),
however, the constraint (5.5b) still constitutes a joint chance constraint in which
the random variables cannot easily be separated from the decision variables. Apart
from some benign special cases, problems of type (5.5) generically have nonconvex
or even disconnected feasible sets, which severely complicates their numerical
solution. Well-structured chance constrained problems that have convex feasible
sets for all or for sufficiently high values of « are discussed in [HS08, Pré95]. One
readily verifies, however, that model (5.5) does not belong to these problem classes.
The following example shows that model (5.5) is indeed nonconvex.

Example 5.3.1. Consider the project G = (V, E) with node set V' = {1,...,4}
and precedences E = {(1,2), (1, 3),(2,4), (3,4)}. For the sake of simplicity, let us
assume that w; = w4 = 0 almost surely, @, and w3 follow independent standard
normal distributions and p; (x;) = x;, i = 2, 3. The process constraints are 1/2 <
X2, x3 < 2, and there is no resource budget. We want to investigate the convexity of
the feasible region

X(a) = {(T, X2,X3) € Ry x [1/2,2] : P(t > @2/x2, T > @3/X3) > 06}

- {(r,xz,X3) eRy X [1/2,2 : ®(txy) D(rx3) > a} :
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It is easy to see that X(«) is generically nonconvex. Indeed, for « = 2/3 one
can verify that (t',x), x}) = (1,2,1/2), (%, x3,x3) = (1,1/2,2) € X(2/3), but
(r.x2.x3) = 1/2(¢', ;. x3) + 1/2(2% x3,x3) = (1,5/4.5/4) ¢ X(2/3).

Recently, sample approximation [LA0O8] and scenario approximation techniques
[CCO5, CCO06] have been proposed for solving joint chance constrained problems
of type (5.5). Applied to our setting, however, sample approximation would lead to
large mixed-integer nonlinear programs (even in the absence of discrete resources),
which themselves constitute difficult optimization problems. Likewise, solving
model (5.5) with scenario approximation techniques would result in a problem
whose number of constraints is proportional to the cardinality of P times the number
of scenarios employed. Since this product is large in realistic settings, this approach
seems primarily interesting for small projects.

In this chapter, we employ Boole’s inequality to approximate problem (5.5) as
follows:

minimize T (5.6a)
x.,B.t

. P
subjectto  x € RY", ﬂERI I T eRy

Pr= Y dixian) = p VP €P, (5.6b)
iep!
Y Brza+ (P, (5.6¢)
PleP
B €[0.1] vPl eP, (5.6d)
x € X. (5.6e)

For future use, we define B = {f € lel : B satisfies (5.6¢) and (5.6d)}. Note
that in the constraint (5.6b) we have split up the joint chance constraint of
model (5.5) into independent separated chance constraints. The following propo-
sition shows that model (5.6) constitutes a conservative approximation of prob-
lem (5.5). The proof follows the arguments presented in [NS06a].

Proposition 5.3.1. If (x, 8, 1) is a feasible solution to model (5.6), then (x, ) is
also feasible in model (5.5).

Proof. Using the feasibility of (x, 8, ) in problem (5.6), we find that

P tZZdi(xi;?o'i)VPlef =1-P U T<Zdi(xi;5i)

iep! PlepP iep!
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1= ) Ple<} diw@) |=1- ) |1-Pr= ) di(i@)

PleP iep! PleP iep!
>1—Y (=p)=1-[P[+ Y B = «
PleP Plep
Here, the first inequality follows from Boole’s inequality.! O

Observe that for ¢ < 1, both of the problems (5.5) and (5.6) are feasible if and
only if X # 0. However, the optimal objective value of problem (5.6) is greater than
or equal to the optimal objective value of problem (5.5). The approximation (5.6)
can in principle be tightened by incorporating pairs of activity paths via Bonferroni’s
inequalities, see [Pré95]. This, however, either requires an a priori fixed choice
of admissible path pairs or a selection procedure that determines optimal pairs
in an iterative manner. The former approach is likely to result in a substantial
increase of problem size, while the latter technique requires the repeated solution
of model (5.6). Since Boole’s approximation turns out to be remarkably tight in our
numerical tests (see Sect. 5.4), the potential gains of either approach are likely to be
outweighed by the increase in complexity. Hence, we settle for Boole’s inequality
in the following.

Model (5.6) still constitutes a generically nonconvex problem. More so, even
the verification whether a given point is feasible requires the evaluation of multi-
dimensional integrals and thus becomes prohibitively expensive for realistic prob-
lem sizes. In recent years, several inequalities from probability theory have been
employed to obtain conservative convex approximations of separated chance con-
straints [CSSO7, NS06a]. In the following, we will pursue a different approach,
namely, we will simplify constraint (5.6b) by approximating the path durations
Diepr di(x;; @), P! € P, via normal distributions. As we will see, this approx-
imation has theoretical appeal and leads to superior results in numerical tests.

Let the first and second moments of @ be given by . = (E[@],....E[@.])"
and & € R™, %; = Cov(®;,@;). In order to simplify the notation, we
furthermore introduce functions g; : RY" — R%, P! € P, with

. . /

oy, = | /A HETE P
otherwise.

Using this notation, we can express the mean and the variance of the path duration
Y iepr di(xi;@;) as ' or(x) and o;(x) T T 0;(x), respectively, for each P! € P.
In the remainder of this section, we will present a solution method for problem (5.6)
that approximates the duration of path P! by a normal distribution with the same
first and second moments. The following generalized central limit theorem justifies

'Boole’s inequality: For a countable set of events 4y, 4,,... € F, P (U, A;) < >, P(4)).
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the use of such normal approximations in project scheduling under three alternative
regularity conditions.

Theorem 5.3.1. Let P, = {1,...,v}, v = 1,2,..., be an inclusion-increasing
sequence of project paths with task durations d;(x;;®;) = @;/pi, pi € [ﬁ’ ﬁ],
p >0, and w; > @ > 0P-a.s. for all i. Assume that the first three moments of ®;
are finite and satisfy

wi =E(@;) <1,
0? = Var(@;) € [0,5°] witha® >0
and v} =E([o; —wl’) <7
Then for any fixed resource allocation, the standardized path durations converge in

distribution to a standard normal distribution as v —> o0 if either of the following
three conditions holds:

(CI) The components of @ follow a multivariate normal distribution.

(C2) The components of @ are independent.

(C3) There is a time lag T € Ry such that @; and @; are independent if the
start times of tasks i and j differ by at least T time units. Furthermore, the
covariances of dependent work contents are bounded from above by some
¢ € Ry, andlim, o v 'Var(Y_,cp di(x;:@;)) exists and is nonzero.

Proof. Since the duration of any project path is linear in @, it is normally distributed
if w follows a multivariate normal distribution. Thus, we obtain the stronger result
that under (C1), all path durations are normally distributed.

In the following, we abbreviate d;(x;;®;) by d;. Under assumption (C2), the
assertion follows from Lyapunov’s central limit theorem [Pet75]. Apart from finite
first and second moments (which are implied by our assumptions), this theorem
requires that
1/3

(Zien (4 -E@[))
lim 12
T (Zier Var (di))

Employing the estimates

_ ~ 3 1 _ 3
E([d; ~E@)|") = FE(@ -E@)P) < 5
and 5
Var@) > ~Var@) > Z.
2 2

we obtain
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(Z’EP“ E(gi —]E(Zif)P))l/3 - /e
(Zier Var(gi))l/z - (vgz//—)z)l/z

and the last term indeed converges to zero for v —> oco.

Under condition (C3), the claim follows from Berk’s central limit theorem for -
dependent random variables, see [Ber73]. Translated into our context, this theorem
is based on the following assumptions:

>l

=V

=
| |Y|
s}

(A1) There is m € Ny such that E,» and :{j are independent if |i — j| > m.
(A2) IE(|2’:LJ3) is uniformly bounded for all ;.

(A3) Var(djy1+...+d;) <(j —i)M forsome M € Ry andall i, j.
(A4) lim, v_lVar(X:ie P, ’07,-) exists and is nonzero.

By condition (C3), @; and @; are independent if the start times of the respective
activities differ by at least T’ time units. For i < j, the start time difference between
activities 7 and j amounts to at least ZIJ;.I d; > (j—i)w/p. Thus,m = [(Tp)/w]
is sufficient to guarantee independence of @; and ; (and hence, of d; and d i)
whenever |i — j| > m, as required by (A1). Concerning (A2), we see that

0=E([d[) < %E(af).

Since E(|@; — ;) is uniformly bounded for all i, so is E(@3). As for (A3), we
note that

j min{j,p+m}
~ ~ 1 — ~ o~
Var(dip) +...+d;) = Z — Var(@,) + 2 Z Cov(@ ,, &y)
p=i+1 \"'P q=p+1 PHd
1 j min{j,p+m}
< ; Z (Var('d)'p) +2 Z Cov(?o'p,ZUq))
2 p=itl gq=p+l

@ +2ml) < (j —i)M

IA
|>—l
.M\,

for M = (@2 + 2m¢&)/ /_)2. Finally, (A4) directly follows from (C3). O

Condition (C3) is particularly appealing for project scheduling since typical
sources of uncertainty (such as weather conditions, staff holidays and illness)
tend to be of temporary nature. Apart from the requirement that the limit of
v_lValr(Zie P, d; (x;;@;)) for v —> oo exists, the assumptions of (C3) are rather
mild and do not require further explanation. Note that the aforementioned limit
is likely to exist in all but pathological cases. It exists, for example, when the
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(co-)variances of dependent work contents can themselves be regarded as random
variables with distributions that satisfy the assumptions of a central limit theorem.
However, the limit does not exist if the task durations are independent random
variables with variances

a ifi e [2%,2%*1) for some k € Ny

witha < b.
b ifi e [2%*! 22k+2) for some k € Ny

Var(d; (x;; ;) = {

Indeed, one can show that in this case

lVar (Z di(xi;@'i)) < %a + %b %fv = 2%+1 _ 1 for some k € Ny,
v ier, >za+3b if v = 2%*+2 _ | for some k € Np.
Due to the challenges involved in solving chance constrained problems directly,
separated chance constraints are frequently approximated by conservative convex
constraints that can be expressed in closed form, that is, without sampling. Such
approximations are based on inequalities from probability theory [CSS07, NSO6a].
In the following, we compare the quality of several such approximations with the
normal approximation presented in this chapter. We consider a project path with
five activities and a fixed resource allocation. Figure 5.3 illustrates the probability
density functions of the activity durations. Note that we deliberately chose distribu-
tions that significantly deviate from normal distributions. Furthermore, a path with
five activities is very short and hence seemingly unsuited for normal approximation.
Figure 5.4 compares the error of several popular approximations with the normal
approximation for both independent and dependent activity durations. Unlike these
approximations, the normal approximation does not provide a conservative estimate
of the path duration. However, it approximates the true cumulative distribution
function significantly better than all other approximations considered. This might
be surprising since normal approximations cannot be expected to correctly predict
the tail probabilities of generic random variables. The reason for the high accuracy
observed here is that project path durations are composite random variables whose
components (i.e., the activity durations) are typically of the same order of magnitude
and follow smooth, close-to-unimodal distributions. Furthermore, although activity
durations may exhibit interdependencies, durations of tasks that are well separated
in time can essentially be regarded as independent. We remark that for the
probabilities of interest (i.e., @ > 0.9), the only reasonably tight bound is obtained
by Chernoff’s inequality. This inequality, however, requires complete knowledge
about the entire moment generating function of the path duration. Compared to
this, the normal approximation poses a very modest burden to the decision maker
by requiring information about the first two moments of the work contents. In
comparison, Chebychev’s (single-sided) inequality assumes knowledge about the
first two moments, Markov’s inequality about the first moments and Hoeffding’s
inequality about the first moments and the supports of the activity durations. Note
that Hoeffding’s inequality requires independence among the activity durations.
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Fig. 5.3 Probability density functions for five activity durations {d"}i:r In the subsequent
comparison, we use these durations both directly (“independent” durations) and as disturbances

in a first-order autoregressive process @ },.5:1 (“dependent” durations) where FJ{ = d, and
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Fig. 5.4 Approximation error of inequalities from probability theory and the normal approxima-
tion for independent (left) and dependent (right) activity durations

Summing up, our preliminary conclusion (which will be supported by the numerical
results in Sect. 5.4) is that normal approximations seem well suited to simplify the
chance constraints appearing in (5.6b).

Under the normal approximation, the individual (path-wise) chance constraints
in (5.6b) are replaced with

T
% > B = t=p )+ 2By ()T Ta(x)
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where ® denotes the cumulative distribution function of the standard normal
distribution. This leads to the following approximation of problem (5.6):

minimize T (5.7a)
x,B.t

. P
subjectto x € R™", ﬂeR' |, T € R4

> plo(x)+ 27 (B )T Tax) VP eP. (5.7b)

xeX, BeB. (5.7¢)

The following example shows that model (5.7) is still generically nonconvex.

Example 5.3.2. Consider again the project G = (V, E) from Example 5.3.1, that is,
V=Al,...,4}, E ={(1,2),(1,3),(2,4), (3,4}, w; = @4 = 0 almost surely, and
> and @3 follow independent standard normal distributions. One readily verifies
that the set

Y(a) = {(z, X2, x3) € Ry x [1/2,2] : ®(tx2) + Brxs) > @ + 1}

is generically nonconvex. Indeed, for « = 2/3, (z!,x),x]) = (1,2,1/2) and
(t2,x3,x3) = (1,1/2,2) are elements of Y(2/3), but their convex combination
(t,x2,x3) = 1/2(z",x),x}) + 1/2(«* x3,x3) = (1,5/4,5/4) is not part of
Y(2/3). However, the set Y («) represents the projection of

Z(a) = {(rx,B) €Ry x[1/2.2]'xB : 1= ®7'(B1)/x2. T > ®_1(ﬂ2)/x3}

onto (7, x3,x3), and Z(«) equals the feasible region of problem (5.7) for this
example. We therefore conclude that problem (5.7) is generically nonconvex.

The next proposition further analyzes the convexity of model (5.7).

Proposition 5.3.2 Assume that « > 1/2 and ¥ > 0 component-wise, and let
(X, B.7) be feasible in problem (5.7). With the additional constraints x = X or
B = B, problem (5.7) becomes convex in (B, t) or (x, T), respectively.

Proof. First note that for @ > 1/2, the requirement 8 € B implies that 8; > 1/2,
P! € P, in every feasible solution (x, 8, ). In the following, we will exploit the
fact that ®~' is nonnegative and convex on the interval [1/2, 1].

We only need to investigate constraint (5.7b) since the other constraints and the
objective function are clearly convex in (x, 8, 7). For x = X fixed, convexity of
constraint (5.7b) in 7 and S follows from the convexity of ®~! for 8; > 1/2. For
B = E fixed, on the other hand, we introduce auxiliary variables y € R’ and

2 o .
z € R, as well as auxiliary constraints
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yip(x;)>pu; VieV and zizj pi(xi)pj(x;) >0y Vi,jel. (5.7e)

Similar arguments as in Proposition 5.2.1 can be used to prove the convexity of the
constraints (5.7e). Note that the right-hand sides of these constraints are nonnegative
and hence, there are always variables y and z that satisfy (5.7e) as equalities. We
replace the constraint (5.7b) with
=Yy + @7 '(B) vpleP. (5.7f)

i€V

Since the right-hand sides of (5.7f) are non-decreasing in y and z and we minimize
the maximum of these right-hand sides, there is always an optimal solution to
problem (5.7) that satisfies (5.7e) as equalities. Hence, the constraints (5.7¢)
and (5.7f) are indeed an equivalent reformulation of the constraint (5.7b). The first
term on the right-hand side of (5.7f) is linear, while the second one is the product
of a nonnegative scalar with the Frobenius norm of the matrix (z;; ). Both terms are
manifestly convex. O

Since the activity durations are nonlinear functions of the decision variables, we
need to require that the components of ¥ are nonnegative in order to guarantee
convexity of problem (5.7) in (x, t) for fixed 8. Hence, we have to assume that
the work contents of different activities have nonnegative covariances, that is, all
activity durations are either independent or positively correlated. This is not a very
restrictive assumption when considering typical sources of uncertainty, such as
motivational factors, staff availability, weather conditions and interactions between
concurrent projects. It is rather unlikely that such a phenomenon increases the
difficulty of some tasks but decreases the complexity of other tasks. In fact, it
is a standard assumption in the literature that activity durations are independent
[CSS07,DH02,HLO5], which is a special case of the nonnegativity assumption. An
inspection of Proposition 5.3.2 reveals that if ¥ # 0, then replacing ¥ with &1 =
([O’i j]+), [0i j]+ = max {0, 0;; }, results in a conservative approximation of prob-
lem (5.7). Hence, even if the assumption of nonnegative correlations is violated, we
can readily construct a reasonable surrogate problem that satisfies this assumption.

Proposition 5.3.2 suggests a sequential convex optimization scheme which
optimizes over (x,7) and (B,7) in turns, keeping either 8 or x fixed to the
optimal value of the previous iteration. Algorithm 2 provides an outline of such a
procedure.

Algorithm 2 is in the spirit of alternate convex search procedures. In the follow-
ing, we discuss the main properties of this algorithm. For a more detailed study of
alternate convex search procedures, see [KPKO7]. We say that a feasible solution
(x*, 8%, t*) to (5.7) is a partial optimum if (x*, t*) minimizes problem (5.7) for
B = B* fixed and (8*, t*) minimizes problem (5.7) for x = x* fixed. The
following observation shows that partial optimality is a necessary (but not sufficient)
condition for local optimality.
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Algorithm 2 Sequential convex optimization procedure for model (5.7).

1. Initialization. If ¢ ¢ X, then abort: Problem (5.7) is infeasible. Otherwise, set x* = ¢, t* =
00 (current objective value) and ¢ = 1 (iteration counter).

2. Optimization over (8, 7). Solve problem (5.7) in (8, r) with x = x'~! fixed. If the optimal
solution (B*, t*) satisfies t* < /™!, then set B/ = B*, otherwise keep g/ = B'~!.

3. Optimization over (x, ). Solve problem (5.7) in (x,7) with B = B’ fixed. If the optimal
solution (x*,t*) satisfies * < /™!, then set x' = x*, otherwise keep x’ = x'~!. Set
=",

4. Termination. If (x’, 8) = (x'~!, B'~"), then stop. Otherwise, set = ¢ + 1 and go back to
Step 2.

Observation 5.3.1 For ¥ > 0 component-wise, a local optimum (x*, 8*,t*) of
model (5.7) is a partial optimum. O

Proof. Let (x*, 8*,1*) be a local optimum. Then (x*, t*) is a local optimum for
B = B* fixed. Due to Proposition 5.3.2, (x*, t*) is also a global minimizer of (5.7)
for B = B* fixed. The same reasoning applies to (8*, t*) if we fix x to x*. Hence,
(x*, B*, ) satisfies the definition of a partial optimum. O

However, a partial optimum need not be locally optimal even for convex
problems, see [KPKO07]. The following proposition summarizes the key properties
of Algorithm 2.

Proposition 5.3.3 Algorithm 2 identifies the (in-)feasibility of an instance of prob-
lem (5.7) in Step 1. For feasible instances, the following properties are satisfied:

(P1) A different feasible solution is identified in every (but the last) iteration.

(P2) The objective values {t'}, are monotonically decreasing and convergent.

(P3) If the algorithm terminates in finite time, then the final iterate is a par-
tial optimum of problem (5.7). If the algorithm does not terminate, then
every accumulation point of {(x', ', ")}, is a partial optimum of prob-
lem (5.7). Furthermore, all accumulation points have the same objective
value.

Proof. 1f ¢ € X, then (x°, %, 7°) defined through x* = ¢, B) = 1 — (1 — @)/ |P|
for P! € P and

7’ = max {MTQI () + 27 (B a ()T Lo (xo)}
pPlep

constitutes a feasible solution to problem (5.7). If ¢ ¢ X, on the other hand, then
X = 0. Thus, problem (5.7) is feasible if and only if ¢ € X, and hence the
algorithm correctly identifies the (in-)feasibility of a problem instance in Step 1.
Furthermore, the algorithm determines a feasible solution in every iteration since
! = /7! together with B/ = B! and x’ = x'~! are feasible for x’ = x'~! and
B! = B! fixed, respectively.
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Since the algorithm stops in Step 4 once t/ > /="', {t'}, is strictly monotonically
decreasing until the penultimate iteration. Together with the feasibility of (x’, f*, t’)
for all ¢, this proves (P1). Since the sequence {t’}, is also bounded from below
(for example by zero), assertion (P2) follows. If the algorithm terminates after
finitely many iterations, then (P3) is satisfied by construction. Assume that the
algorithm does not terminate. One can show that the algorithmic map of the
procedure is closed [BSS06, KPKO07]. This implies that (x’*!, B!+, /+1) satisfies
the termination criterion in Step 4 if we set (x’, 87, t) to any accumulation point
(%, B,’f) of the sequence {(x’, 8, 1")},. Hence, (X, ,3 ‘L’) satisfies that (X,7) is

a minimizer of problem (5.7) for f§ = ﬂ fixed and (,3 7) is a minimizer of
problem (5.7) for x = X fixed. This, however, is just the definition of a partial
optimum. O

For a given instance of problem (5.7) one can easily find finite a priori bounds on
the problem variables that do not change the set of optimal solutions. In this case,
the feasible set of problem (5.7) is compact and the constructed solution sequence
contains accumulation points if Algorithm 2 does not terminate. We emphasize
again that partial optima need not constitute local optima of problem (5.7). Note,
however, that even the verification whether a particular solution to a biconvex
problem is locally optimal is N'P-complete.? Thus, it seems justified to settle for
the modest goal to find a partial optimum here.

Instead of employing an alternating search on x and B as outlined above, we
can locally optimize over (x, 8, t). Note that in this case, the feasible region is
generically nonconvex, and there is no guarantee that a local search procedure
determines a local optimum or even a feasible solution to problem (5.7). In the
next section, we will compare both solution approaches on a set of problem
instances.

We close with an example that illustrates model (5.7) and Algorithm 2.

Example 5.3.3. Consider again the deterministic resource allocation problem
described in Example 5.2.1. We now assume that the work content of each taski € IV
is a uniformly distributed random variable @; with support [(1 — Q)w;, (1 + )],
where w; denotes the nominal work content (taken from Example 5.2.1) and { = 0.2.
For ease of exposition, we assume that the work contents of different project
activities are independent.

A uniform distribution with support [(1 — {)w;, (1 + ¢)w;] has an expected value
of w; and a variance of (¢w;)? /3. We therefore have u = (2,5,1,4,3,1)7, while
Y is giVCH by 211 A 0053, 222 A 0333, 233 A 0013, 244 A 0213, 255 A
0.120, X¢s ~ 0.013 and X;; = O foralli # j. The project in Example 5.2.1 has
activity paths P = {Pl,Pz,P3} with P! = {1,2,4,6}, P> = {1,2,5,6} and
P3=1{1,3,5,6}.

’Indeed, a procedure that decides local optimality in bilinear problems can be used to verify local
optimality in indefinite quadratic problems. The latter problem, however, is known to be NP-
complete [HPTOO].
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For @ = 0.95, the model (5.7) reads as follows:

minimize T
rx,p.t
. 6 12 3
subject to reRy, xeRy, BeRy, teRy

T>2r +5r2+4r4+r6+<l>_1 (B1)

x \/0.053r12 +0.333r5 + 0.213r7 + 0.013r,

T>2r +5r2+3r5+r6+d>_1 (B2)

X \/0.053r12 4 0.333r3 + 0.120r2 + 0.01372,

T>2r 4713+ 3rs+rg+ @} (B3)

x \/0.053r12 +0.013r7 + 0.120r2 + 0.013r¢,

2, 5\3/2 2, 5032 2 32
r () ()T 2L n) (9)7T 2L () (68)T = 1

rs () () 2 1 () ()

%

1, 2r4xi > 1, r4xf > 1,

6 6
X e[(1/4)e 2], Y xl <6, Y x7 <6,

i=1 i=1
Bi+ B2+ B3=295 Bel0e].

Table 5.1 documents the steps of Algorithm 2 when being applied to this instance.
Variables printed in bold are updated in the respective step of the procedure. The
algorithm terminates because the improvement of the objective value t does not
exceed a tolerance of 10™*. Note that apart from the increased objective value, the
determined solution is very similar to the deterministic resource allocation found in

Table 5.1 Application of Algorithm 2 to the project in Example 5.3.3

xtoxp o oxd X3 xd X3 oxi X2 oxb o x2 oxl X2 B B2 B3 T

0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 n/a n/a n/a o0

0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 025 ~1 0.950 ~1 1,483.41
1.20 1.08 1.40 1.26 0.79 0.71 0.55 1.10 1.03 0.93 1.03 0.92 ~ 1 0.950 =1 8.72
1.20 1.08 1.40 1.26 0.79 0.71 0.55 1.10 1.03 0.93 1.03 0.92 0.997 ~1 0.953 8.38
1.21 1.09 1.40 1.26 0.79 0.71 0.54 1.09 1.02 0.92 1.04 0.93 0.997 =~ 1 0.953 8.37
1.21 1.09 1.40 1.26 0.79 0.71 0.54 1.09 1.02 0.92 1.04 0.93 0.997 ~1 0.953 8.37
1.21 1.09 1.40 1.26 0.79 0.71 0.54 1.09 1.02 0.92 1.04 0.93 0.997 ~ 1 0.953 8.37
The first data row documents the initial solution determined in Step 1. The following rows present
the intermediate solutions generated in three consecutive iterations of Steps 2 and 3
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Fig. 5.5 Impact of the confidence level o on the optimal solution to problem (5.7). For higher
confidence levels, the estimated makespan increases disproportionately

Example 5.2.1. This is due to the fact that the variance of activity i’s duration is
chosen to be proportional to the expected value of i’s duration. In general, this is
not the case, and the determined resource allocations differ significantly. Figure 5.5
shows the impact of the confidence level « on the optimal solution to problem (5.7).

5.4 Numerical Results

In the following, we provide numerical results for the stochastic resource allocation
problem (5.4). We do not consider the deterministic model (5.3) for two reasons.
Firstly, problem (5.3) is convex and of moderate size and as such, it is clear that it
can be solved efficiently even for large projects. Secondly, it is difficult to compare
problem (5.3) with other deterministic models (such as the ones discussed in the
introduction) which rely on different assumptions.

This section is structured as follows. We start with a comparison of sequential
convex and local optimization for solving problem (5.7). We remind the reader
that model (5.7) constitutes the approximation of the original resource allocation
problem under uncertainty (5.4) obtained by separating the joint chance constraint
and approximating the path durations via normal distributions. Afterwards, we
compare model (5.7) with alternative approaches to solve problem (5.4). All
numerical results are based on averages over 100 randomly generated projects
with n activities and 2n precedences. The project graphs are constructed with a
variant of the deletion method presented in [DDH93]. The work contents follow
independent normal or beta distributions with randomly selected parameters. All
instances involve two resources, and resource consumption is limited to a third
of the sum of upper investment bounds. The activity types (i.e., substitutional or
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Table 5.2 Comparison of sequential convex and local optimization

Instance size n

5 10 15 20
Local search procedure # trials 1.00 1.03 1.04 1.05
Suboptimality 0.00% 0.00% 0.00% 0.00%
# iterations 3.00 3.09 3.25 3.98
Sequential convex Suboptimality (1x) 0.74% 2.96% 3.79% 3.61%
optimization Suboptimality (10x) 0.36% 1.55% 2.75% 2.79%

Suboptimality (100x) 0.01% 0.86% 1.94% 2.07%
The table provides the number of optimization runs required to determine a feasible solution (local
search procedure) and the number of iterations required to determine a partial optimum (sequential
convex optimization). We also record the relative suboptimality of the obtained solutions

limitational) and the parameters (c;,c;), ¥;, 6; and y; are also chosen randomly.
Throughout this section, our goal is to find a resource allocation that minimizes the
0.95-VaR of the uncertain project makespan. All results in this section were obtained
with the freely available optimization package Ipopt.?

In Sect.5.3 we discussed two alternative methods for solving problem (5.7):
sequential convex optimization (Algorithm 2) determines a partial optimum by
solving a series of convex optimization problems, whereas a local search procedure
jointly optimizes over all problem variables. Since problem (5.7) is generically
nonconvex (see Example 5.3.2), neither approach is guaranteed to provide globally
optimal solutions. More so, the local search procedure cannot even guarantee to
provide a feasible solution. Table 5.2 compares both approaches on a set of test
instances with normally distributed work contents. The quality of the resulting
approximate solutions is measured relative to the true global optima, which we
determine exactly for these small problem instances (n < 20) by means of a branch-
and-bound algorithm [HPTOO]. Table 5.2 reveals that the local search procedure
found global optima in all test cases. Although this procedure is more likely to fail
on larger problems, it turns out to be very reliable in all considered instances. For
sequential convex optimization, we provide the results for a single trial (“1x”) and
several multi-start (“10x” and “100x”) versions. As expected, repeating the search
with different start points leads to better solutions. Although sequential convex
optimization manages to find good solutions, it is clearly outperformed by the local
search procedure. Thus, we will employ the local search procedure in all subsequent
tests.

In the remainder of this section, we compare the model (5.7) with three
alternative approaches to approximate the original problem (5.4): a nominal problem
formulation, a convex approximation via CVaR constraints, and a formulation
based on robust optimization. In the nominal problem formulation, the uncertain
work contents are replaced with their expected values. The resulting model is
a deterministic resource allocation problem of type (5.3). This approach is very

3Ipopt homepage: https://projects.coin-or.org/Ipopt.



96 5 Minimization of Makespan Quantiles

attractive from a computational viewpoint, but it completely ignores the risk
inherent to the chosen resource allocation. Nevertheless, nominal formulations are
very popular in both theory and practice, and they allow us to quantify the benefits
of an honest treatment of uncertainty. As for the CVaR approximation, we replace
the joint chance constraint (5.4b) by a related CVaR constraint, which results in a
conservative approximation (Sect.2.2.1). Although the CVaR constraint does not
require enumeration of the activity paths, it has no closed-form representation, and
we need to employ scenario approximation techniques. In our tests, we approximate
the CVaR via 1,000, 2,500 and 5,000 scenarios and a Benders decomposition
scheme [Pré95]. As for the approximation based on robust optimization, finally,
we use the approach presented in [CSSO7]. Since the activity durations fail to be
conic functions of the resource investments (in the sense of [CSS07]), we need to
enumerate the activity paths in a similar manner as in model (5.7). Contrary to
the other formulations, the robust optimization approach is only applicable in the
presence of beta-distributed work contents. This is due to the fact that the robust
optimization approach in [CSS07] requires all random variables to possess bounded
supports.

Our comparison proceeds in two steps. First, we consider instances with normally
distributed work contents. It follows from Sect.5.3 that in this case model (5.7)
provides a conservative approximation of the VaR. Afterwards, we compare the
formulations on instances with beta-distributed work contents. In this case, model
(5.7) does not provide a conservative approximation anymore.

Figure 5.6 and Table 5.3 summarize the results over test instances with normally
distributed work contents. The “prediction error” denotes the relative difference
between the a priori 0.95-VaR implied by the solutions of the respective optimiza-
tion models and the a posteriori 0.95-VaR determined by Monte Carlo sampling. We
also compare the solutions obtained from the various models in terms of their 0.95-
VaR and average makespan, again using Monte Carlo sampling. Both the 0.95-VaR
and the average makespan are measured relative to the solution to model (5.7).

16 - 100
Nominal —
CVaR, 1000 —— -_—
° 12 CVaR, 2500 -----
e CVaR, 5000 —-— 10
g 8 ‘g —_— .
g 5} -=- —/—/——/"”_"__T—T:::S'— — Nominal
g 4 1Wfp—"" T — — Model (5.7)
el — CVaR, 1000
Ol === oo e e e e - ----CVaR, 2500
= 0.1 —--CVaR, 5000
50 100 150 200 50 100 150 200
instance size instance size

Fig. 5.6 Comparison of model (5.7) with alternative problem formulations for normally dis-
tributed work contents. The left graph relates the 0.95-VaR of the solutions determined by the
alternative formulations to the one obtained from solving model (5.7). The right graph shows the
relative difference between the estimated and exact 0.95-VaR
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Table 5.3 Comparison of model (5.7) with alternative problem formulations for normally dis-
tributed work contents

Instance size n

50 100 150 200
Model (5.7) Prediction error 2.15% 1.96% 2.36% 2.73%
Nominal Prediction error 35.02% 32.05% 27.34% 22.68%
0.95-VaR +15.70% +12.11% +6.04% +2.40%
Average makespan +8.45% +6.03% +1.07% —1.44%
CVaR Prediction error 0.90% 1.55% 2.71% 3.53%
(1000) 0.95-VaR +0.52% +0.52% —0.06% —0.54%
Average makespan +0.55% +0.42% —0.36% —0.37%
CVaR Prediction error 0.37% 0.79% 1.63% 2.44%
(2500) 0.95-VaR +0.16% +0.13% —0.30% —0.69%
Average makespan +0.05% +0.16% —0.51% —0.60%
CVaR Prediction error 0.27% 0.50% 1.06% 1.88%
(5000) 0.95-VaR +0.04% —0.07% —0.42% —0.63%
Average makespan —0.14% —0.09% —0.71% —0.58%

“Prediction error” refers to the relative difference between the estimated and exact 0.95-VaR. The
0.95-VaR and average makespan are measured relative to the optimal solution to model (5.7)

The results reveal that the nominal problem grossly underestimates the
makespan. This is caused by two factors. Firstly, the nominal problem considers
the expected makespan, which is often significantly smaller than the 0.95-VaR.
Secondly, by interchanging the maximum and expectation operators in the problem
formulation, the nominal model underestimates the expected makespan due
to Jensen’s inequality, see Sect.1.l. This underestimation leads to substantial
prediction errors and a poor performance of the resulting resource allocations.
Indeed, nominal solutions are only acceptable for very large projects, where the
assumption of independent work contents makes it increasingly unlikely that the
project duration differs significantly from the expected makespan. Note that model
(5.7) and the CVaR approximations perform more or less equally well on the
considered test instances.

Table 5.4 compares the computational requirements of the considered approaches
over test instances with normally distributed work contents. Problem (5.7) needs to
be solved only once, but it can involve a large number of activity paths. The table
shows, however, that the number of paths remains moderate even for large instances.
The CVaR approximations, on the other hand, require the repeated solution of
Benders subproblems. It turns out that the number of subproblems increases rapidly
with the project size. Thus, the CVaR approximations require substantially more
computing resources than the (local) solution of formulation (5.7). This becomes
particularly important if some of the considered project resources in model (5.4) are
discrete. Note that the nominal model is a deterministic resource allocation problem
of type (5.3) and can hence be solved efficiently for all considered sizes.
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Table 5.4 Computational requirements of the various problem formulations for normally dis-
tributed work contents

Instance size n
50 100 150 200

Model (5.7) 46.34 115.77 189.35 270.96
CVaR (1000) 139.53 283.54 521.78 692.63
CVaR (2500) 141.41 294.06 537.50 678.95
CVaR (5000) 142.56 284.00 522.22 708.35
For model (5.7), the table documents the cardinality of P. For
the CVaR approximations, the table provides the number of
introduced Benders cuts.

30 Nominal — 100
CVaR, 1000 ——
) CVaR, 2500 -----
2 20 CVaR, 5000 -~ 10
© —
g Robust Opt.- - - g — Nominal
g 10 [} - | == Model (5.7)
5] 1 {--+- CVaR, 1000
e B L F —.. CVaR, 2500
0 - = CVaR, 5000
oqb— . e Robust Opt.
50 100 150 200 50 100 150 200
instance size instance size

Fig. 5.7 Comparison of model (5.7) with alternative problem formulations for beta-distributed
work contents. See Fig. 5.6 for further explanations

Figure 5.7 and Table 5.5 summarize the results for beta-distributed work
contents. In this setting, the nominal problem performs even worse than before: both
the prediction errors and the 0.95-VaR have deteriorated. Again, model (5.7) and
the CVaR approximations perform more of less equally well. It becomes apparent
that robust optimization leads to large prediction errors. In contrast to the nominal
problem, however, robust optimization overestimates the 0.95-VaR. Although the
obtained resource allocations are better than the nominal solutions, they are still
substantially worse than the allocations obtained from model (5.7) and the CVaR
approximations. Table 5.6 compares the computational requirements of model (5.7)
and the CVaR approximations. The results are similar to those of Table 5.4, although
the CVaR approximations require slightly more cuts than before. Note that the
computational requirements for solving model (5.7) and the robust optimization
problem are roughly similar since both formulations scale with the number of
activity paths.

In conclusion, although model (5.7) is nonconvex, it seems very well-behaved: in
our numerical tests, the model could be solved efficiently and reliably by standard
local optimization techniques. Furthermore, the solution quality is comparable
to that obtained by convex CVaR approximations of the original model (5.4),
even though model (5.7) requires significantly fewer computational resources. The
nominal problem and the approximation based on robust optimization can both be
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Table 5.5 Comparison of model (5.7) with alternative problem formulations for beta-distributed
work contents

Instance size n

50 100 150 200
Model (5.7) Prediction error 1.51% 1.57% 1.95% 1.31%
Nominal Prediction error 46.11% 34.45% 32.92% 28.43%
0.95-VaR +33.02% +14.29% +10.42% +5.68%
Average makespan +15.28% +5.70% +2.32% —0.42%
CVaR Prediction error 0.85% 1.57% 2.64% 2.71%
(1000) 0.95-VaR +0.08% —0.06% —0.28% —0.66%
Average makespan +1.59% +0.74% +0.23% —0.39%
CVaR Prediction error 0.44% 1.10% 1.71% 1.97%
(2500) 0.95-VaR —0.25% —0.37% —0.44% —0.67%
Average makespan +1.19% +0.42% +0.17% —0.10%
CVaR Prediction error 0.30% 0.77% 1.35% 1.37%
(5000) 0.95-VaR —0.37% —0.44% —0.40% —0.60%
Average makespan +1.02% +0.31% +0.11% +0.07%
Robust Prediction error 18.70% 31.10% 30.61% 28.26%
optimization 0.95-VaR +5.53% +4.78% +3.56% +3.57%

average makespan +7.91% +4.28% +3.14% +2.35%
See Table 5.3 for further explanations

Table 5.6 Computational requirements of the various problem formulations for beta-distributed
work contents

Instance size n

50 100 150 200
Model (5.7) 4626  114.87 190.58 266.43
CVaR (1000) 139.43 319.78 574.38 771.26
CVaR (2500) 139.14 318.89 587.91 808.19
CVaR (5000) 140.41 318.62 582.09 794.38
See Table 5.4 for further explanations

solved very efficiently, but they lead to poor makespan estimates and thus suggest
severely suboptimal resource allocations.

5.5 Extensions

In this section, we first illustrate how one can robustify model (5.7) against
uncertainty in the first and second moments of the work contents. Afterwards, we
present an iterative solution procedure for model (5.7) which applies to projects with
large numbers of activity paths. In the following, we abbreviate the 8;-quantile of
the duration of activity path P! € P by

qr(x.Brip.2) = plor(x) + (B o ()T Tax).



100 5 Minimization of Makespan Quantiles
5.5.1 Moment Ambiguity

The stochastic resource allocation model (5.7) minimizes the «-VaR of the project
makespan and therefore hedges against the uncertainty underlying the factual work
contents. However, the model assumes rather detailed knowledge about the nature
of this uncertainty since it requires a precise specification of its first two moments.
Here, we relax this assumption and require instead that these moments are merely
known to be contained in the set I = U, X Us with

UMZ{MERi : Mzuo—i-wuoﬁ,HﬁHzfl,ﬁeR”}

and Us={TeS} : T=To+Wse¥,

S, =1 Sesy),

where po € R% and ¥y € Si' The operator “e” denotes the element-wise
(Hadamard) product, while S, denotes the subspace of symmetric and positive
semidefinite matrices in R"*". The parameters 1o and Xy can be interpreted as
nominal values, while w, € R, and Wy € R represent “degrees of ambiguity”.

In the spirit of robust optimization (Sect. 2.2.2), our goal is to minimize the worst-
case a-VaR of the project makespan under the assumption that the true moments
(i, X) can be any element of /. This can be expressed as

min max max q;(x,Bnu, ).
vex plep umeu ! O Bri i )
BEB

o (x.Br)

Due to the separability of I/ with respect to the first and second moments, the worst-
case @-VaR is representable as

o p) = max {uToi0) + @7 By e (0)T e
= max T o0 + @7 ) max o) T e

The first maximization term reduces to

~\ T
max {MTQI(X)} = (o) or(x) + max (w, efi) oi(x)
WEU,, |7; 251’

Ho+p=0

= (o) o1(x) + | Lrulax B [wee01(x)]
" 251,

Ho+pu=0

= (o) Tor(x) + [wu e 0/ (x)], -
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Concerning the last identity, note that all components of w,, ® g;(x) are nonnegative,
and hence 1 > 0 and o + & > 0 are vacuously satisfied at optimality. By
applying similar transformations as described in Proposition 5.3.2, the last term can
be expressed by convex constraints.

Likewise, one can show that the X-term reduces to

max { o) T Sai0f = /o) Zoar(x) + | W e [er(x)er ()]

For ¥y > 0 (see Sect. 5.3), the latter term can be expressed by convex constraints,
too. Hence, the convexity properties of model (5.7) are preserved when the moments
of the work contents are ambiguous, and the increase in model size is moderate.
This contrasts with the optimization of CVaR under distributional ambiguity, which
is considerably more involved [PW07,ZF09].

5.5.2 Iterative Path Selection Procedure

The runtime behavior of the stochastic resource allocation model (5.7) depends on
the number of activity paths in 7. Recall that P has been of moderate size in all
of our numerical tests (see Sect. 5.4). However, the number of activity paths can be
exponential in the size of the project graph, see Chap. 6. In this section we present
an iterative solution procedure for problem (5.7) based on the principles of semi-
infinite programming. The outline of the procedure is described in Algorithm 3.

Algorithm 3 Iterative path selection procedure for model (5.7).

1. Initialize £ as a (nonempty) subset of 7. Choose € € (0, (1 — a)/ |7_3 \ £|).
2. Determine a feasible (possibly suboptimal) solution (x*, 8*) to

minimize max q;(x, 5 1, X)
x.B PleL

subject to xeRY, Be R'Z!
j e IF

DB za+(P|-D—[P\L|(1—e.

PleL

xe€X, peloe].

Let T denote the resulting objective value.

3. Check whether there is a path P* € P\ £ with g, (x*, 1 —¢; 1, ) > t*. If this is the case, then
add one such path to £ and return to Step 2. Otherwise, stop: x™ represents the best resource
allocation found.

Step 1 initializes £, the subset of activity paths P/ € P which are currently
considered. It also assigns a value to €, the probability that is assigned to the paths
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in P \ £ which are not (yet) considered. In Step 2, model (5.7) is solved for the
activity paths P! € L. Note that the first constraint implicitly assigns a probability
of 1 — € to every path in P \ L. Step 3 checks whether there is a path in 7 \ £ whose
(1 — €)-duration quantile exceeds the o-VaR determined in the previous step. If this
is the case, then one such path is added to £, and the procedure iterates. Otherwise,
the procedure terminates. We will present a strategy to determine a suitable path in
P\ L below.

If the subproblem in Step 2 is infeasible, then X = @ and problem (5.7) does
not possess a feasible solution. For any € € (0, (1 —«)/ |5 \ L|), the final resource
allocation obtained by Algorithm 3 is feasible in problem (5.7), and t* represents
a conservative estimate of its objective value. Note that for a fixed €, only a near-
optimal solution is determined if £ # P at termination. This statement is true even
if the subproblems arising in Step 2 are solved to global optimality. Indeed, a better
“probability arrangement” can potentially be obtained by assigning f; > 1 — € to
paths P! € P\ L. This is not restrictive for practical applications, however, since
optimization algorithms typically require an upper bound strictly below 1 for f;,
P! e P, anyway (since ®(8;) —> oo for f; —> 1). For any given value of
€, let x(¢) and f(€) denote any final resource allocation and its objective value,
respectively, that are determined by Algorithm 3 when solving the subproblems
to global optimality. One can show that the sequence {f(€)},_,, converges
monotonically to the optimal objective value of problem (5.7). Furthermore, every
accumulation point of {x (¢)},__,, constitutes a globally optimal resource allocation
for problem (5.7).

Note that in the third step, we have to examine a potentially large number of
paths P* € P\ £. We can obtain an upper bound on the (1 — €)-duration quantile
of path P* € P\ L as follows:

g:;(x* 1 =€, T) = ploy(x) + 07 (1 —¢) \/Qs(x*)T 3 o(x*)

pnlos(x*) + @71(1 —¢) Z n;  with
\ieps

+

IA

iepl JEP!
< Zd’i with ¢y = i /pi (x) + @7 (1 — ) /7;.
ieps

Here, we use the abbreviation [x]+ = max {x, 0}. The first inequality holds because
i € P® implies that P* € {Pl eP:ie Pl}. The second inequality follows from
the fact that the 2-norm of a vector is no larger than its 1-norm and n; > 0. Note
that ; (and hence, ¢;) can be determined in polynomial time (relative to the size of
the project graph) for all i € V. The described upper bound allows us to construct
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a deterministic project with durations ¢; for i € V. Every path duration in this
project yields an upper bound on the (1 — €)-duration quantile of the respective path
in model (5.7). Thus, we can use techniques for determining the « largest paths in
a directed, acyclic graph to obtain candidates paths P* € P \ £ for inclusion in
L. In particular, we can stop the search in Step 3 once we have examined all paths
P* € P\ L with Y ,cp, ¢ > t*. A method for determining the « largest paths of
aproject graph G = (V, E) in time O(|E| 4 « |V'|) is presented in [Epp94].

We will refine Algorithm 3 in the next chapter, where we use a variant of this
algorithm to generate convergent lower bounds on the optimal objective value of
two-stage robust resource allocation problems. In that chapter, we will also provide
a numerical example of the algorithm.

5.6 Conclusion

Resource allocation problems constitute a vital class of project scheduling problems.
The first part of this chapter presented a deterministic multi-resource allocation
model that is convex and that hence scales to large problem sizes. Resource allo-
cation models have to stipulate functional relations between resource investments
and task durations. The considered model employs production functions from
microeconomic theory, which lead to intuitively appealing duration functions that
are amenable to economic interpretation.

The second part of this chapter discussed an extension of the deterministic
resource allocation model that accommodates uncertainty. The formulation assumes
knowledge about the first two moments of the uncertain parameters and optimizes
the @-VaR of the project makespan. Although VaR is a nonconvex risk measure,
we showed that the specific properties of project scheduling problems enable us
to approximately optimize it very efficiently. Furthermore, the resulting model
readily accommodates distributional ambiguity. This is useful in project scheduling,
because the moments of the uncertain parameters are often unknown due to the lack
of historical data.

While the presented resource allocation model seems to be primarily suitable
for project scheduling problems, the VaR approximation readily applies to other
application areas of temporal networks such as process scheduling [JM99] and
digital circuit design [KBYT07]. It would therefore be instructive to apply variants
of the approximate problem formulation (5.7) to models in these application areas
as well.



Chapter 6
Minimization of the Worst-Case Makespan

6.1 Introduction

In this chapter we study a robust resource allocation problem that minimizes the
worst-case makespan. As in the previous chapters, we assume that the resource
allocation is a here-and-now decision, whereas the task start times are modeled as
a wait-and-see decision that may depend on random parameters affecting the task
durations. In the terminology of Sect.2.2.2, we therefore study a two-stage robust
optimization problem. In contrast to its stochastic counterpart, the complexity of the
robust resource allocation problem has been unknown for a long time [Hag88]. The
majority of the solution approaches presented in the literature determine suboptimal
solutions without bounding the incurred optimality gap. In this chapter, we show
that the robust resource allocation problem is A/P-hard, which explains the lack
of exact solution approaches in the literature. We then present two hierarchies
of approximate problems that provide convergent lower and upper bounds on the
optimal value of the original problem. The upper bounds correspond to feasible
allocations whose objective values are bracketed by the bounds. Hence, we obtain
a sequence of feasible allocations that are asymptotically optimal and whose
optimality gaps can be quantified at any time.

There are three robust resource allocation problems in temporal networks that
directly relate to the problem considered in this chapter. A production scheduling
problem that minimizes the worst-case makespan under uncertain processing times,
product demands and market prices is proposed in [JLFO7, LJF0O4]. The decision
maker can influence the makespan by choosing a processing sequence and assigning
resources to the individual processing steps, and the optimal process start times
are approximated by constant decision rules. A robust variant of the time/cost
trade-off problem in project scheduling is discussed in [CSSO7]. Assuming that
the durations of the project activities are uncertain, this model determines a
resource allocation that minimizes the worst-case makespan. To obtain a tractable
optimization problem, the optimal task start times are approximated by affine
decision rules. A related time/cost trade-off problem is studied in [CGSO07], where
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the resource allocation for a specific activity is allowed to adapt to all uncertain
parameters that have been observed until the respective task start time. Affine
decision rules are used to obtain a tractable approximation for the problem. We
will review decision rules in Sect. 6.2.2.

Research in the wider area of robust network optimization started with the
seminal paper [BS03], which develops solution techniques for single-stage robust
network flow problems. In recent years, several two-stage robust network optimiza-
tion problems have been solved under the name of recoverable robust optimization.
In [LLMSO09], a railway scheduling problem is considered which selects a here-and-
now timetable that can be made feasible for a range of train delays in the second
stage. A two-stage robust freight transportation problem is studied in [EMS09].
This model determines a here-and-now repositioning plan for empty containers
that can be recovered for a range of supply and demand scenarios in the second
stage. In both papers, tractable optimization problems are derived through carefully
chosen problem reformulations. In [AZO7, OZ07], a two-stage robust network
optimization problem is proposed which treats the network design as a here-and-
now decision, while the network flows are modeled as wait-and-see decisions
that are chosen after the uncertain parameters have been observed. Recently,
approximation algorithms have been developed for two-stage robust combinatorial
problems [FIMMO07, KKMSO08]. Here, a feasible solution to the combinatorial
problem has to be found for any possible realization of the random parameters.
Since the second stage decision incurs a higher cost, there is a trade-off between
over-protection in the first stage and a costly recovery in the second stage. Finally,
there is an extensive literature on network problems that optimize the worst-case
regret, see [Ave01].

The remainder of this chapter is organized as follows. In the next section,
we define the robust resource allocation problem. After a review of popular
approximations for the problem, we show that the robust resource allocation
problem is generically NP-hard. In Sect. 6.3 we discuss a path-wise formulation
that provides the basis for the solution technique. This formulation follows the spirit
of the stochastic resource allocation problem presented in the previous chapter.
In Sects. 6.4 and 6.5 we present families of optimization problems that provide
convergent lower and upper bounds, respectively. Section 6.6 discusses the results
of a numerical evaluation on randomly generated test instances, and Sect. 6.7 applies
the bounding scheme to VLSI design. We conclude in Sect. 6.8.

In addition to the notation introduced in Sect. 1.3, this chapter uses the following
convention. For a set A C {1,...,n}, we denote by 4 the n-dimensional vector
with (I4); = 1ifi € A and (I4); = 0 otherwise. As we will see shortly, this
allows us to express the sum of task durations on a network path P € V as the
inner product between the indicator vector Ip of the path and the vector of all task
durations.
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6.2 Robust Resource Allocations

We first define the robust resource allocation problem that we consider in this
chapter. We then review how decision rules can be applied to obtain a tractable
approximation for this problem. In Sect.6.2.3 we analyze the complexity of the
robust resource allocation problem.

6.2.1 The Robust Resource Allocation Problem

We assume that the structure of the temporal network (i.e., V' and E) is determin-
istic, whereas the task durations are uncertain, see Sect. 2.3. We model the duration
of task i € V by a continuous function d; : X x E — Ry that maps resource
allocations x € X and realizations of the uncertain parameters £ € E to nonnegative
durations. Examples of duration functions are discussed in the previous chapter.
We assume that both X, the set of admissible resource allocations, and ZE, the
support of the uncertain parameters, are nonempty and compact subsets of finite-
dimensional spaces. Having in mind the application areas outlined in Sect. 1.1,
we assume that & cannot be observed directly, but that it can only be gradually
inferred from the durations of completed tasks, see Sect.2.3. In strategic decision
problems, 2 is sometimes specified as a discrete set of rival scenarios (e.g., different
forecasts of market developments). We will see that under rather general convexity
assumptions, robust allocation problems that minimize the worst-case makespan
over finite discrete supports Z can be formulated as explicit convex programs.
Often, however, E is better described by a set of infinite cardinality, such as an
ellipsoid around a nominal parameter vector. In this chapter, we focus on uncertainty
sets that are of infinite cardinality but specific structure.
We define the robust resource allocation problem on temporal networks as

min max mm {yn +d,(x;8)}, (RTN)
XEX E€E yeY(x

where
Y(x,6)={y e Dy Zyi+di(xi§) V(. j) € E}. (6.1)

Forx € X and § € B, Y(x, E) denotes the set of admissible start time vectors
for the network tasks. R'TN is a two-stage robust optimization problem: the
uncertain parameters £ € E are revealed after the allocation x has been chosen,
but before the task start times y have been decided upon. Hence, we are interested
in a static resource allocation which cannot be adapted once information about &
becomes available. We have already mentioned the reasons for our interest in static
allocations in the previous chapter: resource allocations are frequently required to
be static due to the inflexibility of resources and limitations of the manufacturing

process, or to enhance the planning security and the compatibility with concurrent
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operations outside the scope of the model. Even in situations where recourse
decisions are principally possible, static allocations might be preferable to ensure
computational tractability [GG06, JWWO98]. To illustrate the importance of static
resource allocations, consider the gate sizing problem outlined in Sect. 1.1. The gate
sizes have to be chosen before the impact of process deviations is known. Hence,
only static allocations are meaningful in digital circuit design. Unlike the resource
allocation x, the task start times y may typically depend on the available knowledge
about £. Note that every component of y is chosen after a// uncertain parameters are
revealed, which seems to violate non-anticipativity [RS03]: the uncertain parameters
are revealed gradually when tasks are completed, and y;, j € V, must only depend
on information that is available at the time when task j is started. The justification
for the chosen two-stage structure is the same as in the previous chapters. The early
start schedule y* : X x E — R, with y['(x,§) = 0 and

yj (€)= max{y/(x.§) +di(x:§) : (. j) € E} forall j € V\ {1}

is non-anticipative since the task start times only depend on the completion times
of predecessor tasks. Moreover, since the makespan is a non-decreasing function of
the task start times, the early start schedule is also optimal. Hence, if a solution to
RTN employs an anticipative start time schedule y, then we can replace it with the
corresponding (non-anticipative) early start schedule without sacrificing optimality.

The robust resource allocation problem treated in this chapter has relevance in
all application areas outlined in Sect. 1.1. The solution approach presented in this
chapter is also suited for several variants of R7 N, such as multi-objective problems
that contain the makespan as one of several goals and problems with makespan
restrictions as side constraints. We will see an example of such an extension in the
case study in Sect. 6.7.

6.2.2 Decision Rule Approximations

RTN constitutes a min—max-min problem with coupled constraints and is as
such not amenable to standard optimization techniques. Most existing solution
approaches rely on the following observation to obtain a tractable approximation

to RTN.

Observation 6.2.1 For the robust resource allocation problem RT N, we have

min max mm {yn +d,(x;6)} = min max{y,(§) +d,(x;:§€)}, (6.2a)
XEX E€B yeY(x xﬁ}){(,) £eg
YEY(x

where for x € X,

VxX)={(y:E~R}) : y) eY(x.§) VE€ E}. (6.2b)
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For a resource allocation x € X, Y(x) denotes the space of all functions on E that
map parameter realizations to feasible start time vectors for the tasks.

Note that the identity (6.2a) holds regardless of the properties of X and d because
Y(x) does not impose any structure on the functions y (such as measurability).
Observation 6.2.1 allows us to reduce the min—max—min problem R7TN to a
min-max problem at the cost of augmenting the set of first-stage decisions. We
have already encountered this transformation in Sect.2.2.2 when we discussed
generic two-stage robust optimization problems. A function y is called a decision
rule because it specifies the second-stage decision as a function of the uncertain
parameters. Note that the choice of an appropriate decision rule is part of the first-
stage decision. Since )(x) constitutes a function space, further assumptions are
required to ensure solvability. For example, if E contains finitely many scenarios,
B = {éléL}, then )(x) is isomorphic to a subset of Rﬂ‘_” and we can
reformulate RTN as

mi)? {lnllaxL {yi +dn(x,§[)} : yﬁ- > yil+d,-(x;§[) vi=1,...,L, (i,j) e E}
xeX, =1,...,
yER{‘F”

This problem is convex if X is convex and d is convex in its first component
for all £ € E. Similar finite-dimensional problems arise when a semi-infinite
programming algorithm is used to solve R7A with an uncertainty set of infinite
cardinality [HK93]. This approach, however, would only provide lower bounds
on the optimal value of R7T A/, and it is not clear how to efficiently obtain upper
bounds.! Furthermore, one would not be able to exploit structural properties of &
and d beyond convexity. Finally, the number of constraints and variables grows with
L, which itself is likely to become large for tight approximations.

Due to the absence of standard optimization techniques for the solution of RTN
when E has infinite cardinality, one commonly settles for feasible but suboptimal
solutions. These are obtained from conservative approximations of R7T A that
restrict the set of admissible second-stage decisions. For example, it has been
suggested in [LJFO4] to restrict ) to constant decision rules, that is, to

V(x) ={y e Y(x): Iy e R" suchthat y(§) =y VEc E} forxe X.
In this case, RT N is equivalent to

min max {vn(€) +d,(x:6)}

x€X, g€
yeV'(x)
= min {max{y, +d,(:6)}  y; = v +di(xi6) VE€E, (1)) € B}
x€X, €B
}/GR'_”_ §

'As we will see in Sect. 6.2.3, evaluating the worst-case makespan of the optimal second-stage
policy in RTN constitutes a difficult problem even for fixed x € X.
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= min {yn +max{d,(x;§)} : y; —y; = max{d;(x;§)} V(.j)e E}
rex, e EcE
yeR

The tractability of this problem is determined by the properties of X and the
functions maxgeg {d;(x;&)} for i € V. For general E and d the problem can
be formulated as a semi-infinite program [HK93]. For specific choices of E and
d, robust optimization techniques can be used to obtain equivalent (or approxi-
mate) explicit reformulations [BS06, BTGN09]. Although they are computationally
attractive, constant decision rules can result in poor approximations of the optimal
second-stage policies and — as a consequence — the optimal resource allocations.

Example 6.2.1. Consider the temporal network G = (V, E) with tasks V =
{1,...,n} and precedence relations £ = {(i,i + 1) : 1 <i < n}. Let the uncer-
tainty set be defined as E = {E eR el& < 1} and the (decision-independent)
task durations as d; (x; &) = & fori € V. The optimal second-stage policy incurs a
worst-case makespan of 1, whereas the restriction to constant decision rules results
in a worst-case makespan of 7.

In order to improve on the approximation quality of constant decision rules, it
has been suggested in [BTGN09, CSS07] to approximate )(x) by the set of affine
decision rules: for x € X and E C R¥, we define

Vix)y={yedx) :3re R"™k y € R" suchthat y(§) =TE+y VEe E}.
Under this approximation, R7 N reduces to

min  max {y, (&) + d,(x;§)}

x€X, fe=
yey!(x)

= min {yn + max {0JE+dy(x;6)} - (Ty) €Sy N SE(x)}

x€X,
Fernx<k,
yEeR”

with
Sy ={Ty) : T§+y =0 VEeE}
= {(F, Y) Ly > max {-ITE} Vie V}

and Se(x) = {(Ny) i Ty, 2 TTE+y +di(xi8) V6 € B, (i j) € Ef

={(Cy) vy =y 2 max (0 =) TE +di ()} VG ) € Ef.

Here, F,.T denotes the ith row of matrix I". As in the case of constant decision
rules, this model can be solved via semi-infinite programming, and under certain



6.2 Robust Resource Allocations 111
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Fig. 6.1 Example temporal network that illustrates the suboptimality of affine decision rules. The
graph visualizes the network structure for k = 4. The task durations (next to the nodes) are defined
in the text

conditions we can employ robust optimization techniques to obtain explicit refor-
mulations. Much like constant decision rules, however, affine decision rules can lead
to poor approximations of RTN.

Example 6.2.2. Consider the class of temporal networks illustrated in Fig. 6.1. For
k € N, the network structure is given by V' = {1,...,3k + 1} and

E={Bl+1314+p).GBl+p3l+4):0<l<k p=23}.

Let d3j42 (x;8) = &41 and dyj43 (x;6) = 1 — &4 for 0 < I < k, while the
remaining task durations are zero. For & = {E € Rﬁ_ D E—-(1/2)e]; < 1/2}, the
optimal second-stage policy leads to a worst-case makespan of (k + 1)/2. For 0 <
| < k, we obtain y3;44(§) > y341(8) + max {&41,1 — &4} forall £ € E. In par-
ticular, this inequality holds for & € {(1/2)e £ (1/2) e;+1}, where e;4 denotes the
(I + 1)th vector of the standard basis in R¥. If we restrict y to be affine in &, then the
previous observation implies that y3;44(§) > y3;41(§) + 1 for§ = (1/2)e € E and

Vak+1(8) = ys—2) +1> ... 2 y1(§) +k >k forf =(1/2)e.

Here, the last inequality holds by nonnegativity of y. Thus, the restriction to affine
decision rules results in a worst-case makespan of at least k.

Recently, the use of piecewise affine decision rules has been advocated to
overcome some of the deficiencies of affine decision rules [CSSZ08]. Nevertheless,
Examples 6.2.1 and 6.2.2 show that the existing solution approaches for RTN
can lead to poor approximations of the optimal decisions. This is supported by our
numerical results in Sect. 6.6. In the next section, we show that R 7N constitutes a
difficult optimization problem, which explains the lack of exact solution procedures
in the literature.

6.2.3 Complexity Analysis

It is clear that RTN is difficult to solve if we impose no further regularity
conditions beyond compactness of X and Z. In the following, we show that
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evaluating the worst-case makespan of the optimal second-stage policy constitutes
an N'P-complete problem even when the resource allocation x € X is fixed, while
E and d have “simple” descriptions. This implies that R 7N is N'P-hard since we
can restrict X to a singleton and thus obtain a procedure that evaluates the worst-
case makespan of the optimal second-stage policy.

In view of the aforementioned objective, we define the worst-case makespan of
a temporal network (WCMTN) problem as follows.
INSTANCE. A temporal network G = (V, E) with V = {1,...,n} and 1 and n as
unique source and sink, respectively. Vectors w,u € Nj and scalars W, U € Ny.
QUESTION. Is there a £ € B = {S eRY & <e, wleE < W} such that

min {ys tunbs 0y 2 vtk VG j) € E} = U? (6.3)
JF

WCMTN considers instances of R7 A with a fixed resource allocation x € X,
task durations that are linear in & and a support that results from intersecting the
unit hypercube with a halfspace. WCMTN asks whether the worst-case makespan
exceeds U when an optimal start time schedule is implemented.

Theorem 6.2.1 WCMTN is N'P-complete.

Proof. We first show that WCMTN belongs to N'P. Afterwards, we prove N P-
hardness of WCMTN by constructing a polynomial transformation of the Continu-
ous Multiple Choice Knapsack problem to WCMTN. In this proof, we abbreviate
“polynomial in the input length of WCMTN” by “polynomial”.

To establish WCMTN’s membership in NP, we show that we can guess a &,
check whether £ € E, construct an admissible y* that minimizes the left-hand
side of the inequality (6.3) and verify whether y; + u,&, > U in polynomial
time. Assume that we can restrict our attention to values of & whose bit lengths
are polynomial. Then we can check in polynomial time whether § € E. Moreover,
optimality of the early start schedule (see Sect. 6.2.1) ensures that y* with y; = 0
and y¥ = maxiey {y + & : (i,j) € E} for j € V' \ {1} minimizes the left-
hand side of the inequality (6.3). In particular, this y* also possesses a polynomial
bit length and can be determined in polynomial time. This implies that the validity
of the inequality (6.3) can be verified in polynomial time, which in turn implies
membership of WCMTN in N'P. It remains to be shown that we can indeed restrict
our attention to values of & with polynomial bit lengths. Note that the inequality (6.3)
is satisfied for some & € E if and only if

max min {yn +uk oy, =y +w& V@i, j) e E} > U.
§€E yeRY

—~

Since the inner minimization is a convex function of &, its maximum over E is

attained by at least one extreme point of E [HPTO0O0]. Since E is a polyhedron,
however, all of its extreme points possess polynomial bit lengths [LP94].
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Fig. 6.2 WCMTN instance constructed from a CMCK instance

In order to prove N'P-hardness of WCMTN, we consider the Continuous
Multiple Choice Knapsack (CMCK) problem [GJ79, Iba80]:
INSTANCE. A set B = {l,...,m}, together with weights w; € Ny and utilities

u; € Ny fori € B. A partition {Bq}qQ:l of B, that is, | J, Bf=1 = Band B,NB, =0
for q # r. A maximum weight W e Ny and a mlmmum utility Ue No.

QUESTION Is there a choice ofb € B, and %‘q € [0,1], ¢ = 1,...,Q, such that
Zq 1 Wh, g < W“”qu 1 b, £,=07

We construct a polynomial-time transformation that converts a CMCK instance
to a WCMTN instance such that the answer to the former problem is affirmative if
and only if the answer to the latter one is.

The desired WCMTN instance is defined by G = (V, E), V = {s,1,...,m,t}
and £ = Ep U Eg with Ep = {(i,j) :(i,j) e By x Byy1,.9 = 1,...,Q—1}
and E¢ = {(s,i) : i € Bj} U {(i,t) S BQ}. The nodes s and ¢ represent the
unique source and sink of G, respectively. We set w; = w; and u; = u; fori =
1,....m, while w; = u; = 0fori € {s,1}. We identify W and U with W and U,
respectively. The transformation is illustrated in Fig. 6.2.

For the constructed WCMTN instance, assume that there is a £ € E which
satisfies the inequality (6.3). Let y* be a minimizer for the left-hand side of (6.3).
By construction of G and optimality of y*, there is a critical path (s, b1,...,bg.t)
in G with by € By forg = 1,....0,yf =y, =0, yl;:+1 = ylfq + up, 6,
forq = 1,....,0 — 1 and y; = y;‘Q + upyép, [DHO2]. Since y* > U,
we conclude that ZqQ=l up,&p, = Z,?:lﬁb,,éb,, >U =U. Similarly, we have
ZqQ | Wh, b, = ZqQ \ W, Ep, S W = W because ¢ € E. Thus, b and ’E\ with
§ g =%b,.9= ., O, certify that the answer to the CMCK instance is affirmative

as well. In the same way, one can show that the absence of a £ € E which satisfies
the inequality (6.3) implies that the answer to the CMCK instance is negative. O

Theorem 6.2.1 extends to problem instances whose uncertainty sets are polyhe-
dral [BS06] or that result from intersections of general ellipsoids as in [BTGN09].
However, it is easy to see that WCMTN can be decided in polynomial time for box
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uncertainty sets of the form E = {E tE<E< E} with & ,& € R¥. The same holds

true for the special case of WCMTN in whichw = ¢ eandu = fe fora, € Ny.

We close with a review of two related complexity results. The complexity
of optimization problems in temporal networks with probabilistic uncertainty is
investigated in [Hag88]. In that paper the task durations are modeled as independent
random variables with known, discrete distributions, and it is shown that calculating
the mean or certain quantiles of the makespan distribution is #PSPACE-hard.
We remark, however, that the worst-case duration (i.e., the 100%-quantile of the
makespan distribution) can be calculated in polynomial time in that setting. In
contrast, the additional complexity of WCMTN is due to the fact that our task
durations are related through E. The A'P-hardness of a generic robust resource
allocation problem is proven in [K'Y97]. However, this problem is not defined on a
network, and it assumes that X and E are discrete.

6.3 Path-Wise Problem Formulation

In contrast to the techniques reviewed in Sect.6.2.2, we will present a solution
approach for RT A that does not approximate the optimal second-stage decision
by decision rules. Instead, the approach eliminates the inner minimization in R7N
by enumerating the task paths of the network. We have discussed a solution
scheme based on path enumeration for two-stage chance constrained problems in the
previous chapter. In this section, we present a path-wise reformulation of R 7N and
argue that its direct solution is prohibitive for temporal networks with large numbers
of task paths. In the next two sections, we will use this path-wise reformulation to
derive convergent bounds on the optimal value of RTN.

We recall that a path in a directed graph G = (V, E) constitutes a list of nodes
(i1,...,ip) suchthat (i1, is),...,(ip—1,i,) € E. Accordingly, we define a task path
P = {il, ey i,,} C V as a set of tasks whose nodes form a path in the temporal
network. We denote by P the set of all task paths. The following observation re-
iterates the well-known fact (see for example [DHO02]) that for fixed x and £, the
minimal makespan of a temporal network equals the sum of all task durations along
any of its critical (i.e., most time-consuming) task paths.

Observation 6.3.1 For a temporal network G = (V, E) with fixed resource alloca-
tion x € X and parameters § € &, the minimal makespan is given by

: . _ T .
Jdmin {ya +da(xi6)} = max {Ip d(x;8)}, (6.4)

where d(x;£) = (d\(x:£),...,d,(x:£))T and Y(x,§) is defined in (6.1).

Note that the maximum on the right-hand side of the identity (6.4) can be
attained by several task paths P € P. Observation 6.3.1 is crucial as it allows us
to replace the inner minimization in R7AN with a maximization. In analogy to
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Observation 6.2.1, this reduces the two-stage robust optimization problem to an
equivalent single-stage problem. Readers familiar with robust optimization may
wonder whether a similar reduction can be achieved through duality arguments, see
Sect.2.2.2. Due to the structure of Y (x, &), this approach results in a maximization
problem whose objective function is nonconvex, and the resulting single-stage
robust optimization problem would be difficult to solve. Observation 6.3.1 bypasses
this problem at the expense of optimizing over a potentially large number of task
paths.

Example 6.3.1. Consider the temporal network defined by the subgraph that con-
tains the first four nodes in Fig. 6.1. Its minimal makespan is given by

min {ys + da(x;§) 1 y; = y1 +di(x;§) forj =2,3,
)GR_,’_

ya =y +dj(x;§) for j =2,3}.
By linear programming duality, this problem is equivalent to

max {di(x:8) + da(x: O] M+[di(x: ) + d3(x: E)] Aa+da(x:€) = Ai+A2 < 1}
&R

For most task duration functions of interest, the objective function of this problem
is nonconvex in £ and A. In contrast, enumerating the tasks paths yields

max {d;(x;§) + da(x; &) + da(x,§), di(x:§) + d3(x;§) + da(x,8)}.

The expressions in this maximization are convex in & if d(x; &) is convex in £.

Applying Observation 6.3.1 to RT N, we find

n + dn I, d
TR T I L (00} = i e man {Tp ().

In the following, we will employ robust optimization techniques to replace the
maximization over &. We are thus concerned with the following approximate robust
resource allocation problem on temporal networks:

min max ¢ (x; P), (ARTN)

x€X PeP

where ¢ (-; P) represents a real-valued function on X. We call ART N a conserva-
tive reformulation of RTN if

¢(x; P) > rgnacx {]I; d(x;f;‘)} forxe X, P CV. (6.5)

If the inequality (6.5) is satisfied, then optimal allocations for ARTN constitute
suboptimal but feasible allocations for R7 A/, and the optimal value of ARTN
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overestimates the worst-case makespan in RTN. If the inequality (6.5) can be
replaced with an equality, then we call ART N an exact reformulation of RTN . In
this case, ARTN and RTN are equivalent. The bounding approach presented in
this chapter is applicable to exact and conservative reformulations of R7 N alike.
Note, however, that the method provides upper and lower bounds on ARTN,
and that these bounds will only bracket the optimal value of RTN if ARTN
constitutes an exact reformulation.

Apart from ART N being an exact or conservative reformulation of R7 N, the
bounding approach requires ¢ to satisfy the following two properties:

(A1) Monotonicity: If P C P’ C V,then ¢(x; P) < ¢(x; P') forall x € X.
(A2) Sub-additivity:If P C P’ C V,then ¢ (x; P) + ¢(x; P'\ P) > ¢(x; P’) for
allx € X.

We call P € P an inclusion-maximal path if there is no P’ € P, P’ # P, such
that [p < Ip/. As in the previous chapter, we denote the set of inclusion-maximal
paths by P C P. If (A1) is satisfied, then the optimal allocations and the optimal
value of ARTN do not change if we replace P with P. Property (A2) implies that
¢(x; P) is bounded from above by Zf;l ¢(x; Py) forall x € X if {P,}f:1 forms a
partition of P. As we will see, this bounding property facilitates the construction of
lower and upper bounds on the optimal value of AR7T N The following proposition
shows that exact reformulations of R 7N necessarily satisfy (A1) and (A2).

Proposition 6.3.1 If ARTN is an exact reformulation of RTN, then (Al) and
(A2) are satisfied.

Proof. For P C P’ C V and x € X, we obtain

¢(x; P) = max{I} d(x;€)} > max {I} d(x:§)} = ¢(x: P),

teg

where the inequality follows from Ip, > Ip and nonnegativity of d. Similarly, for
P C P’ CV and x € X, we obtain

$(x: P') = max {Tp d(x;6)}

_ T . T .
= max {HP d(x:€) + T py d(x: g)}

IA

Igleaé( {]I; d(x;:§)} + Igleaé( {]IPI—,,\P] d(x;§)}

= ¢(x;P)+¢(x; P\ P). 0

In the following, we focus on instances of ART N that can be reformulated as
explicit convex optimization problems. More precisely, we assume that

(A3) Tractability: X and ¢ (-; P), P C V, possess tractable representations.

Remember that a set has a tractable representation if set membership can be
described by finitely many convex constraints and auxiliary variables. Likewise,
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a function has a tractable representation if its epigraph does. Although the solution
approach presented in this chapter does not rely on (A3), the repeated solution of
lower and upper bound problems becomes computationally prohibitive if (A3) fails
to hold. In the following, we show that robust optimization techniques allow us to
construct exact or conservative reformulations of R7 N that satisfy (A1)-(A3) for
natural choices of X, E and d.

Proposition 6.3.2 If X has a tractable representation, then the following choices
of E and d allow for exact reformulations of RTN that satisfy (Al)—(A3):

1. Affine uncertainty: d;(x;§) = 8)(x) + ET[SI»I (x)] with 80 © X +— R tractable,
8l X — RF affineand € € E = ﬂll‘zl E; C RF with

5 = {g: eRF : JueR” suchthat £ =o' + 'u,

'ul, < 1}’

where 0! € R¥, ! € RF1 and T1! denotes a projection of R”' onto a subspace,

—

[ = 1,...,L. We require E to be bounded and to have a nonempty relative
interior.

2. Quadratic uncertainty: d; (x; ) = §%(x) + ET[S} (x)] + H [Alz(x)] é‘Hi with 8
X + R tractable, §! : X +— R¥ and A? : X + R*F gffine and € € & C RF
with

E = {é‘ eR" : ueR’ suchthat & =0 + Zu, lull, < 1},
where o € R and ¥ € RF*/,

Proof. Let§%(x) = [8?()(), oy 82 (x)]T. In the case of affine uncertainty, we define
¢ through

$(x: P) =T5[8°(0)] + max {gT(Z [5! (x)])} forxe X, P e P,

i€EP

and in the case of quadratic uncertainty, we define ¢ through

P P) = TE[8(0] + max {£T (2[5} 0)])

i€EP
+[vee([Ip]; [A2(0)E. .. [Tp], [A2(x)]€) ||§} forx e X, P € P.

Here, the operator “vec” returns the concatenation of its arguments as a column
vector. We have (Ip); = 1 if P contains task i and (Ip); = 0 otherwise. Note that
both definitions of ¢ (x; P) constitute exact reformulations of maxgez {]I],; d(x; € )}.
In either case, the epigraph of ¢ can be described by a semi-infinite constraint
which has to hold for all £ € E. Robust optimization techniques [BTGN09] enable
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us to reformulate these semi-infinite constraints such that (A3) is satisfied. Due to
Proposition 6.3.1, (A1) and (A2) are satisfied as well. ]

The uncertainty set considered in the first part of Proposition 6.3.2 covers all
bounded polyhedra as special cases. Sometimes, the durations of the network tasks
are best approximated by conic-quadratic functions, see Chap.5. It is therefore
desirable to extend the results of Proposition 6.3.2 also to problems with conic-
quadratic uncertainty.

Proposition 6.3.3 (Conic-Quadratic Uncertainty) Assume that the task durations
are described by d; (x; £) = §?(x) + éT[Sil (x)] + H[Alz(x)] SHZ with8? : X — R
tractable, 81»1 X > RF and Aiz c X = RIXK affineand &£ € E C R¥ with

E = {%‘ eR* : JueR’ suchthat & =0 + Zu, lull, < 1},

where 0 € R, ¥ € RF*/, If X has a tractable representation, then & and d allow
for a conservative reformulation of RTN that satisfies (A1)—(A3).

Remark 6.3.1. In contrast to the case of quadratic uncertainty, the last term of the
task duration is not squared under conic-quadratic uncertainty.

Proof of Proposition 6.3.3 We construct an upper bound on

max { Z (8?()6) +&T[8! (0] + H[A?(x)]é“z)} forxe X, P €P. (6.6)

f€8 iep
The terms in the objective of this problem either do not depend on £, or they are

convex and linear homogeneous in £. Thus, we can apply the results from [BS06]
and bound (6.6) from above by

¢(x; P) = max {I3[d (x; D]} 6.7)
uelU

where 7@ = (", 7™), and U is defined through
U={a=@" 7 )eR. xR : |+, < 1}.

Moreover, d: Xx]Rﬁ_J > R" has components Zz’\(x;ﬁ) = [Zi\l(x;'ﬁ), .. ,Zz’\n (x;'ﬁ)]T
that are defined through

di(x:) = 80(x) + [0 +x@t —’Lr)]T[(s}(x)]

J
+[a]e ], + D AT @], |, @ + ),
j=1

~
a; (x;5u)
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where X ; denotes the jth column of X. The epigraph of ¢ (x; P) can be described
by a semi-infinite constraint that has to hold for all u € . Due to the specific

shape of i and the fact that d is affine in u, robust optimization techniques can be
employed to reformulate this semi-infinite constraint such that (A3) is satisfied. It
remains to be shown that ¢ also satisfies (A1) and (A2).

As for (A1), we show that d;(x;u), i € V, is nonnegative for all x € X and
W € U. To this end, we fix some % = (W, 7") € U and set u = T — 7. Then
& = 0 + Xuis contained in E since ||u|, < 1. Hence, for x € X we have

G8) =31 + [+ 2] [51w)] + |[4W][o + 2], = 0
Bi (x;5u)

by nonnegativity of d. Note that d;(x:7) — d; (x;6) = o;(x:u) — Bi(x:u) for
this choice of &. Since d;(x;¢) > 0, nonnegativity of Zi\i (x;u) is ensured if
a; (x;u) > Bi(x;u). The latter inequality follows from the triangle inequality, the
positive homogeneity of norms and the fact that |u ; ‘ < ’Lij' + ’Lﬁ

As for (A2), we need to show that ¢ (x; P)+¢(x; P'\ P) > ¢(x; P') forx € X
and P C P’ C V. This is the case since
max {17 [d (v )]} + max Il p[d D]} > max {1}, [d(x; )]}

ueU

X
ueU ueU O

Proposition 6.3.3 provides a conservative reformulation of RTA. Exact refor-
mulations of robust optimization problems subject to conic-quadratic uncertainty
are discussed in [BTGNOQ9]. However, the path durations ¢ (x; P) resulting from
conic-quadratic uncertainty are not of the form required in [BTGNO09], and the
corresponding reformulation does not seem to be applicable to our context.

Note that even if (A3) is satisfied, ART N remains generically intractable since
its size grows with the cardinality of /P, which in turn can be exponential in the
size of G. Indeed, one can show that the expected number of paths in a uniformly
sampled random temporal network is exponential.

Theorem 6.3.1 For a fixed connectivity p € (0, 1] and network sizen € N, consider
a random temporal network G = (V, E) with V = {1, ..., n} that is constructed as
follows. For eachnode i € V \ {n}, we choose the number of immediate successors
{1,...,[p(n —1i)]} uniformly at random. Afterwards, we choose the indices of the
successor nodes from{i + 1, ..., n}, again uniformly at random. Then, the expected
number of paths in G is exponential in n.

Proof. By construction, G is acyclic and has the unique sink #. The probability that
j isasuccessorof i,i < j,is

g T _ Jpn =1 (Tpn—)14+1) _ [pn—i)] +1

[pn =1 = n—i —  2pt=DI—i) —  2mn-i)
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Let X; be the random variable that describes the number of paths from node i to
node n. We have E(X,,) = 1 and obtain

n

Z E(X;) fori <n.

j=itl

[p(n —)] +1

E(X;) = 2 —1)

In particular, E(X,—;) = 1. Fori < n, we can express [£(X;) as follows:
_Ipn—=)]+1 2(n—i—1) '
o = SO (1 e S ) B
_Jpn=)]+1 [pn—i—=D]+1+2(n—i—1)

T 2m—i) [o(n —i — )] + 1 B(Xi41)
Partially unrolling the recursion, we obtain for E(X,) and m € {2,...,n}:
m—1 . . .
_ [p(n—i)]+1 [pn—i—1D]+1+2(n—i—1)
B(X) = (Ul 2(n —i) [o(n—i —1)] +1 ) B(Xn)

e —=D1+1 (T [p(n—i — 1]+ 1+2(n—i—1)
—m(n 20— 1) )E(X””)

I =D1+1 (T, [pn—i—D]-1
‘m(ﬂ [H 200 —1) DE(X'")‘

Let us investigate the term ([p(n—i —1)]—1)/(2[n—i]). We show that for a specific
choice of m, this term is greater than or equal to some § > 0. Note that

p+1

[pn—i=Dl=1_pn—i-D—-1_pr—i)—p—1
2(n—i)’

2(n —i) ~  2n—i) T 2(m—i)

=P _
2
Assume that n > 2/p + 4. Then the last expression is greater than or equal to p/4,
a strictly positive number, for alli <m =n — [(2p + 2)/p]. We obtain
m—1

_Jp(n=D]+1 [o(n—i —1)]—1 3
B =+ T 1 ]:[1 (1 Ly )) E(X7)

_ e =1 +1 " [o(n —i —1)]—1
—rp<n—m>1+1£[1(” 200—1) )

m—1

[p(n —1)]+1 P
Z o1 L (1+%)

i=1
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5 4
2—@
Tand
1 3

Fig. 6.3 Example temporal network. The chart illustrates the network structure and the nominal
durations d of the network tasks i € V' (attached to the nodes)

where (-) denotes the asymptotic lower bound in Bachmann-Landau notation.
Since the expected number of paths from node 1 to node 7 is already exponential,
the expected number of all paths in network G is exponential, too. O

Hence, even though ART N can be expressed as an explicit convex optimization
problem, it remains difficult to solve. We close with an example that illustrates the
path-wise problem formulation ART N

Example 6.3.2. Consider the temporal network in Fig. 6.3. Apart from the missing
cash flows, it is identical to the temporal network in Fig. 1.1. Now, however, we
interpret the number attached to task i € V' as the nominal duration of task i. We
consider a resource allocation problem with one resource and task durations

di(x;6) =d) (1 —x;) (1 +&) fori € V,

where diO denotes the nominal task duration from Fig. 6.3, x; the amount of the
resource that is assigned to task i, and & the uncertainty inherent to the task
duration. We set

X={xeR% : x; <1/2, eTxfl}
and E={eRf : & <1/2, e <1}.

Thus, the duration of task i can fall below or exceed its nominal duration d iO by 50%,
depending on the resource allocation and the realization of the uncertain parameter
vector . Up to two tasks can be sped up to their minimal durations, and up to two
tasks on each inclusion-maximal path can attain their worst-case durations.

For the network in Fig.6.3, the set P of all task paths contains 22 elements.
Elements of P are, amongst others, {1}, {2}, ..., {6}, {1,2}, {1,3}, ..., {5,6} and
{1,2,5}. The set P of inclusion-maximal task paths only contains three elements,
namely {1,2,4,6}, {1,2,5,6} and {1, 3,5, 6}. Since the problem instance satisfies
the conditions of the first part of Proposition 6.3.2, we can develop an exact
reformulation of RN that satisfies (A1)-(A3). Indeed, for our choice of functions
we have
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¢(x;P) = max {Zdio(l—xi)(l+§i):§,-§1/2 VieP, 25i51§
i€EP

i ERyiEP
§i Ry i iepP

= min { |:Z d,»o(l—xi)+/\i/2:|+y cAi+y > d’(1—x;) Vie Py,

Ai€ERLEP, 4
yeR, iepP

where the first identity holds by definition, and the second one follows from linear
programming duality. Note that our reformulation ART N satisfies (A3) since

T>¢(x;P) & (A, eRyieP),yeRy it > |:Z dY(1—x;) + )Li/2j| +7.
iep
Ai+y=>d’(1—x;) VieP,

and the right-hand side of this equivalence can be expressed by finitely many
linear constraints and auxiliary variables. For the temporal network in Fig. 6.3, our
reformulation ART A results in the following optimization problem.

minimize T
x4,y
subjectto T € R4, x € Rﬂ_, A€ Rf, y € Ri
T>2(1—x1) +A1/2+5(1 —x2) + A3/2
+4(1—xg) + AL 24+ 1(1 = x6) + AL/2 + 91,
AMayl=>20-x), M4yp'>51-x),
A4y =41 —xp). AL+y' = 11— xe),
T>2(1—x1) +A/2+5(1—xy) +A3/2
+3(1—xs5) + A2/2 4 1(1 — x¢) + A2/2 4 y2,
B+yrz20-x). B4y =50-x)
A4y =301 —xs5), AZ4p2> 11— x),
T>2(1—x1) +A}/2+ 1(1—x3) +A3/2
+3(1—xs5) + A3/2 4 1(1 — x¢) + A2 /2 4 y2,
Mayi=200—x), A4y >1(1-x3),
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B4y =31—xs5). A +y = 1(1-x),
6
xi<1/2Vie{l.....6}, Y x <L

i=1

The optimal allocation for this problem is x = (0, 0.50, 0, 0.36,0.14, O)T and leads
to a worst-case makespan of 10.61.

6.4 Lower Bounds

The convergent lower bounds on ART N are obtained by solving relaxations that
omit some of the paths in ART N. The procedure is described in Algorithm 4.

Algorithm 4 Convergent lower bounds on ARTN.

1. Initialization. Choose a subset P; C P, for example P; = . Sett = 1.
2. Master Problem. Solve ART N, restricted to the paths in P;:

minimize T
X, T

subjectto x € X, t € Ry (LARTN?)
T>¢(x; P) VP € P,.

Let x' denote an optimal solution to LARTN, and 7' its objective value.
3. Subproblem. Determine a path P € P \ P, with ¢(x'; P) > t'.

a. Ifno such path exists, stop: x* = x' constitutes an optimal solution to AR7T N and t* = t’
its objective value.
b. Otherwise, set Pryy = P, U{P},t — t + 1 and go to Step 2.

The following proposition is an immediate consequence of the algorithm outline.

Proposition 6.4.1 Algorithm 4 terminates with an optimal allocation x* for
ARTN, together with its worst-case makespan t*. Furthermore, {t'}, represents
a monotonically non-decreasing sequence of lower bounds on t*.

Proof. Since ¢ < t' implies that P, € Py, LARTN, constitutes a relaxation
of LARTN /. Hence, t! < t'’, that is, {z'}, is monotonically non-decreasing.
Similarly, every t’ constitutes a lower bound on the optimal value of ARTN,
because the latter problem considers all paths in 7 and P; € P for all .

In iteration ¢, Step 3 either terminates or adds a path P € 5\73, to P;. Hence, the
algorithm terminates after 7 < ‘f \ 731‘ + 1 iterations. It is clear that x* is optimal
if Py = P in the last iteration. Otherwise, ¢(x*; P) < t*forall P € P \ Pr.
Thus, (x*, *) minimizes the relaxation LART N1 and x* is feasible in ARTN.
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Since x* attains the same objective value 7* in ART N, x* is an optimal allocation
and t* the optimal value of ARTN. O

The size of LARTN,, t > 1, grows with the cardinality of P,. Hence,
Algorithm 4 allows us to determine coarse initial lower bounds with little effort,
whereas tighter lower bounds become increasingly difficult to obtain.

The quality of the lower bounds determined by Algorithm 4 crucially depends
on the path selection in Step 3. In iteration ¢ it seems natural to select a path P
that maximizes ¢ (x'; P) over P \ P,. Theorem 6.2.1 implies that this choice may
require the solution of an N'P-hard optimization problem. A naive alternative is
to enumerate all paths in P \ P, and stop once a path P is found that satisfies
¢ (x'; P) > t'. This “first fit” method, however, suffers from two limitations. Firstly,
this approach is likely to require many iterations since there is no prioritization
among the paths P that satisfy ¢(x’; P) > t’. Secondly, in the last (7th) iteration
of Algorithm 4 all paths in P \ Pr are investigated before the procedure can
terminate. This implies that the algorithm needs to inspect all elements of P at
least once. In view of the cardinality of P (see Sect.6.3), this is computationally
prohibitive. To alleviate both problems, we replace Step 3 of Algorithm 4 with
Algorithm 5.

Algorithm 5 Determine P € P \ P, with ¢ (x"; P) > t'.

3(a) Initialization. Construct the temporal network G = (V, E) with deterministic task durations
§=(8,...,8,) ", where § = max {¢(x';{i}), e}. Here, {i } represents a degenerate path
that contains a single task i € V, while € denotes a small positive constant. Set s = 1.

3(b) Path Selection. Let P be the sth longest path in G, where the length of a path P € P is
defined as I} .

o If ]I;1 8 < t' or G contains less than s paths, stop: x* = x' is an optimal allocation in
ARTN and t* = ¢’ its worst-case makespan.

() Ifp(x'; Py) > 1!, set Py = P, U{Ps}, 1 — ¢ + 1 and go to Step 2 of Algorithm 4.

(iii) Otherwise, set s — s + 1 and repeat Step 3(b).

The algorithm uses ]I; § as an overestimator for ¢ (x’; P). Indeed, we have H; 8>
Y iep ¢(x":{i}) by definition of §, while >, » ¢(x"; {i}) exceeds ¢(x'; P) due to
(A2). Note that ¢ (x; {i }) represents the worst-case duration of task i.

Depending on the problem instance, Algorithm 5 may certify the optimality of
x" without inspecting all paths in P. Furthermore, if € is sufficiently small, then the
paths P € P are inspected in the order of decreasing task-wise worst-case durations
Y iep ¢(x":{i}). Thus, as long as these quantities approximate ¢ (x'; P), P € P,
reasonably well, one can expect Algorithm 5 to outperform the “first fit” approach
outlined above. Note that the s longest paths in a directed, acyclic graph G = (V, E)
can be enumerated in time O(| E| + s |V]), see [Epp94]. The following proposition
establishes the correctness of Algorithm 5.
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Proposition 6.4.2 Algorithm 5 terminates and either correctly concludes that x'
is an optimal allocation in ARTN, or it determines a path P € P \ P, with
o(x"; P) > 1.

Proof. G contains a finite number of paths, and hence the algorithm terminates. In
the following, we denote by P; the sth longest path in G according to the metric
defined in Step 3(b) of the algorithm. Furthermore, we assume that the algorithm
terminates in iteration S.

Assume that the algorithm terminates in case (i) of Step 3(b) because G contains
less than S paths. In this case, all paths P € P satisfy ' > ¢ (x'; P) since otherwise
the algorithm would have terminated in case (ii) of Step 3(b) of an earlier iteration.
From Proposition 6.4.1 we conclude that x’ constitutes an optimal allocation in
ARTN.

If the algorithm terminates in case (i) of Step 3(b) because ]I;':S § < 1!, then we
know that t/ > ¢ (x'; Ps) forall s < S. Also, t/ > ]I;S Sfors e {S+1,...,|P}
since these paths are not longer than Pg. This, however, implies that for P €
{PS, el P|7>|}, we have

¢z I8 = ) dGHi) = (P,

iepP

where § is defined in Step 3(a) of Algorithm 5. The second inequality follows
from the definition of §, while the third one is due to (A2). We conclude that
' > ¢(x'; P) for all P € P, and hence Proposition 6.4.1 ensures that x’ is an
optimal allocation in ARTN.

If the algorithm terminates in case (ii) of Step 3(b), then it has determined a task
path Pg € P with ¢(x'; Ps) > t'. We need to show that Ps is inclusion-maximal,
that is, Ps € P. Assume to the contrary that Ps € P\ P. Then there is a task
path P € P with P # Pg and [p > Ip,. Since § > 0 component-wise, we have

]I—IE s = (]IPS + Iipy\ PS])TS > ]I—IES 8. Hence, P must have been considered in some
iteration s < S. Due to (A1), however, we have ¢ (x'; P) > ¢(x'; Ps), and the
algorithm must have terminated in case (ii) of Step 3(b) of that iteration because
¢(x'; P) > ¢(x"; Ps) > t'. Since this yields a contradiction, we conclude that Pg
is indeed inclusion-maximal. O

Note that prior to its termination, Algorithm 4 only provides monotonically
increasing lower bounds on the optimal value of ART A . Since the intermediate
allocations x’ are feasible, their worst-case makespans in AR7T A also constitute
upper bounds on the optimal value of ART A . From Theorem 6.2.1, however, we
know that evaluating the worst-case makespan of x’ in ART AN may require the
solution of an A/P-hard optimization problem. Hence, we need to pursue a different
approach to generate upper bounds efficiently.

We close with an example that illustrates Algorithms 4 and 5.
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Example 6.4.1. Consider again the resource allocation problem defined in Exam-
ple 6.2.1. We generate lower bounds on the optimal objective value of this problem
with Algorithms 4 and 5.

We start with Step I of Algorithm 4, in which we choose the subset P; = @ and
setf = 1.

In Step 2 we solve the following lower bound problem LART Ni:

minimize T
T,X
subjectto T e Ry, x € Ri

6
X <12 Vie{l....6}, Y x<=l.

i=1

The optimal allocation is x! = (0,0,0,0, O,O)T with an estimated worst-case
makespan of 7! = 0.

We now enter Step 3(a) of Algorithm 5. The deterministic temporal network
with worst-case task durations § = (3,7.5,1.5,6,4.5, 1.5)T is illustrated in Fig 6.4,
upper left.

In Step 3(b), we identify P, = {1,2, 4, 6} as the longest path in the deterministic
temporal network. This path has a task-wise worst-case duration of H;l § = 18 and
a path-wise worst-case duration of ¢(x'; P;) = 16.5. This path therefore satisfies
condition (ii) of Step 3(b), and we set P, = {{1,2,4,6}} and t = 2.

We are back in Step 2 of Algorithm 4. The new lower bound LARTN is
obtained from the following optimization problem:

7.5 6 3.75 3
O—@ O—@
Lan TR avT
®—® ®—&

1.5 45 1.5 45
375 3.86
O—@

3 0“@ 1.5
©
1.5 3.86

Fig. 6.4 Auxiliary deterministic temporal networks generated by Algorithm 5. The upper left,
upper right and lower charts visualize the auxiliary graphs in iteration t = 1,7 = 2 and t = 3,
respectively. Attached to each node i € V is its task-wise worst-case duration §;
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e
subjectto 7T € Ry, x € Rﬂ_, Ae R‘_‘{_, y e Ry
T>2(1—x1) +A1/2+5(1 —x2) + A3/2
+4(1—xg) + AL/24+ 100 —x6) + AL/2 + ¥,
Myl =20 —x), A 4+y'>501-x),
Myl =41 —x), AL4+p'>101—x),

6
x,fl/Z VZE{1,76}7 Z'xlfl

i=1

The optimal allocation to this problem is x2 = (0,0.5,0,0.5,0, O)T and leads to an
estimated worst-case makespan of 72 = 9.75.

We enter Step 3(a) of Algorithm 5 again. Figure 6.4, upper right illus-
trates the deterministic temporal network with worst-case task durations § =
(3,3.75,1.5,3,4.5,1.5)T. We set s = 1.

In Step 3(b), we identify P; = {1, 2,5, 6} as the longest path in the determinis-
tic temporal network. This path has a task-wise worst-case duration of ]I;l §=12.75
and a path-wise worst-case duration of ¢(x?; P;) = 11.25. This path therefore
satisfies condition (ii) of Step 3(b), and we set Pz = {{1,2,4,6},{1,2,5,6}} and
t=3.

We are back in Step 2 of Algorithm 4. The new lower bound LART N is
obtained from the following optimization problem:

minxlrxnlllze T
subjectto 7 € Ry, xe]Rg_, AeRﬁ_, yeRi
T>2(1—x1) +Al/2+5(1 —x2) + A)/2
+4(1—x) + A2+ 11 —x0) + AL/2+ ',
MAy z200-x), A+y' =50-x),
A4y =40 -x), Ag+y' = 10— xe),
T>2(1—x1) +A3/2 +5(1 —x) + A3/2
+3(1 —x5) + A2/2 4 1(1 — x¢) + A2/2 + y2,
M+yi=z20-x), B+y=501-x),
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MBHr =30 -x5). Ag 477 = 11— xe),

6
X <12 Vie{l....6), Y x <l

i=1

The optimal allocation to this problem is x3 = (0,0.5,0,0.36,0.14, O)T and leads
to an estimated worst-case makespan of 7> = 10.61.

We enter Step 3(a) of Algorithm 5 again. The deterministic temporal network
with worst-case task durations § = (3,3.75, 1.5, 3.86, 3.86, 1.5)T is illustrated in
Fig. 6.4, lower chart. We set s = 1.

In Step 3(b), we identify P, = {1,2,4,6} as the longest path in the
deterministic temporal network. This path has a task-wise worst-case duration of
]I—'l,;1 8 = 12.11 and a path-wise worst-case duration of ¢ (x*; P;) = 10.61. This path
therefore satisfies condition (iii) of Step 3(b), and we set s = 2.

In Step 3(b), we identify P, = {1,2,5,6} as the second-longest path in
the deterministic temporal network. Like the previous path, this path has a task-
wise worst-case duration of H;ZS = 12.11 and a path-wise worst-case duration of
¢(x3; P,) = 10.61. This path therefore also satisfies condition (iii) of Step 3(b),
and we set s = 3.

In Step 3(b), we identify P; = {1,3,5,6} as the third-longest path in the
deterministic temporal network. This path has a task-wise worst-case duration of
]1—1538 = 9.86. This path therefore satisfies condition (i) of Step 3(b), and we

terminate with the optimal allocation x* = (0, 0.50, 0, 0.36,0.14, O)T and its worst-
case makespan t* = 10.61.

6.5 Upper Bounds

Consider a task path P € P, together with a partition {P, }f:  that satisfies
Uf=1 P. = P and P, N P, = @ forall r # q. According to (A2), we can bound
P’s worst-case duration ¢ (x; P) from above by Zle ¢ (x; P,). Intuitively, this is
the case because Zf;l ¢ (x; P,) predicts different worst-case realizations of & for
each block P,, whereas ¢ (x; P) considers the same worst-case realization for all
tasks in P. If we partition all paths P € P in this way, we obtain an upper bound
on the optimal value of ART N . The granularity of the path partitions trades off
the quality of the bound with the size of the associated bounding problem. If we
use singleton partitions {{i}},cp for each path P € P, for example, the associated
optimization problem can be solved efficiently as a deterministic resource allocation
problem with task durations ¢ (x;{i}), i € V. However, this approximation is very
crude since it allows each task to attain its worst-case duration individually. At the
other extreme, we recover ARTN if we employ single-block partitions {P} for
each path P € P. In the following, we present an algorithm that iteratively advances
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{1,2,4}

Fig. 6.5 Bounding graphs for the temporal network in (a). Dotted nodes (arcs) represent redundant
variables (constraints) in the bounding problem

from singleton partitions to single-block partitions. We illustrate this idea with an
example.

Example 6.5.1. Consider the temporal network in Fig.6.5a. Assume that
¢(x;{5}) = 0, that is, task 5 has duration zero, and fix a resource allocation
x € X. Due to (A1) and (A2), the objective value of ARTN is the maximum
of ¢(x;{1,2,3}) and ¢(x;{1,2,4}). We can bound this value from above if we
replace the worst-case duration ¢ (x; P) of both paths P e {{1,2,3},{1,2,4}}
with )", cp ¢ (x:{i}). To calculate this bound, let y € Ri denote the vector of task
start times. We minimize y5 subject to

Y2 = y1 + @ (x:{l}), 3 = y2 + ¢ (x:{2}), 4=y + @ (x:{l}),
V4= y2 + @ (x:{2}), Vs > 3+ ¢ (x:{3}), Vs > ya+ ¢(x:{4}).

This problem contains one constraint for each precedence in Fig. 6.5a. By construc-
tion, ys exceeds ¢ (x;{1}) + ¢(x:{2}) + ¢(x:{3}) and $(x:{1}) + P (x:{2}) +
¢ (x; {4}). We thus conclude that ys bounds ART N from above.

The upper bound relies on the assumption that different tasks can attain different
worst-case durations. To obtain a tighter bound, we coarsen the path partitions. We
can achieve this by replacing the precedence (1, 2) in Fig. 6.5a with the two new
precedences shown in Fig. 6.5b. The labels attached to these precedences list the
tasks that need to be processed between the corresponding components of y. To
calculate the new upper bound, we minimize y5 subject to

y3 =y + o (x:{1,2}), Y4 = y1+o(x:{1,2}),
¥s = y3 + ¢ (x;{3}), Vs > ya+ @ (x;{4})

and the constraints corresponding to the dotted arcs in Fig. 6.5b. In the figure, dotted
arcs lie on paths that are not inclusion-maximal, and property (Al) allows us to
ignore the associated precedences. By construction, ys exceeds ¢ (x;{1,2}) +
¢ (x;{3}) and ¢ (x; {1,2}) + ¢ (x; {4}). Hence, ys still bounds ARTN from above.
Our new bound is at least as tight as the old one since ¢ (x; {1,2}) < ¢(x;{1}) +
¢(x;{2}). Note that the components of y cannot be interpreted as task start times
anymore.
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We now replace the labeled arc (1,4) in Fig.6.5b with the new labeled arc in
Fig. 6.5c. To obtain the new upper bound, we minimize ys subject to

y3 =y +(x:{1.2}),  ys=y1+o(x:{1,2,4}), ys > ys+ P(x:{3}).

Since ys exceeds ¢ (x;{1,2}) + ¢(x:{3}) and ¢(x:{1,2,4}), it bounds ARTN
from above. Again, the new upper bound is at least as tight as the previous one since
P(x:{1.2,4}) < ¢(x:{1.2}) + p(x: {4}).

If we replace the labeled arc (1,3) in Fig.6.5¢c, then we obtain the graph in
Fig. 6.5d. The associated bounding problem minimizes ys subject to

y52y1+¢(-X;{15253})7 J’SZ)’1+¢(X,{L2,4})

This problem is equivalent to ARTN. Note that for the path {1,2,3,5}, we
iteratively generated the partitions {{1},{2},{3}} in Fig.6.5a, {{1,2},{3}} in
Fig.6.5b and c and {{1, 2, 3}} in Fig. 5.6d.

We now formalize the approach. To simplify the exposition, we assume that
¢(x;{n}) = 0 for all x € X, that is, the sink node of the network has duration
zero. This can always be achieved by introducing a dummy task.

For a temporal network G = (V, E), we define a sequence of bounding graphs
G, G, ... as follows. Each bounding graph G, = (V, E,) is directed and acyclic
with nodes V' and labeled arcs E;. The arcs are of the form (j, k, Pjx), where j, k €
V and the label Pj; satisfies P;jx € V \ {n}. There can be multiple arcs between
j and k as long as they have different labels. The networks in Fig. 6.5 constitute
bounding graphs if we attach the label {j} to the each unlabeled arc from j to k.

We associate with G, the following bounding problem:

minimize  y,
x.y

subjectto x € X, y € R UARTN )
Ye—Yj Z o Pi)  V(j.k Pj) € E,.

UARTN, assigns a variable y; to every node j € V. The constraints ensure that
Yk exceeds y; by at least ¢ (x; Pjx) time units if (j, k, Pjx) € E;. In Example 6.5.1
we formulated U ART N, for the four bounding graphs in Fig. 6.5.

For a bounding graph G,, we say that P € P is an induced path if every feasible
solution (x, y) to G;’s bounding problem satisfies y, > ¢(x; P). To obtain an
upper bound on ART N/, we are interested in bounding graphs that induce all paths
P € P. Formally, we define the set of induced paths as

P(G,) = {P €P : (ir irt1, P C E,

R
such that ig+; =n and (P \ {n}) = U P,}.

r=1
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Hence, P € P(G;) if the tasks in P \ {n} are contained in the union of arc labels
on a path in G, that ends at the sink node 7. Intuitively, y, exceeds ¢ (x; P) because
there is a partition {P,.}fe=1 of P\ {n} such that y, > Zf: 1 ¢ (x; Pr). Note that
we can ignore the sink node 7 in this consideration since its duration is zero. The
following lemma makes this argument explicit.

Lemma 6.5.1 (Induced Paths) If P € P(G,), then any feasible solution (x,y) to
UARTN, satisfies y, > ¢(x; P).

Proof. By definition of P(G,), there is {(i,, i;+1, P,.)}f;1 C E, withigy; = n and
(P\{n}) = U§=1 P,. We thus have

@ R 0 & © @
Yu = Ia—yi =Y Wi =) = Y ¢(xiP) = ¢(x:P\{n}) = $(x:P),
r=1

r=1

where (a) follows from nonnegativity of y, (b) from the fact that (x, y) is feasible
in UART N, and (c) and (d) from (A1), (A2) and ¢ (x; {n}) = 0. O

As an illustration of induced paths, consider the path {1,2,4,5} in Exam-
ple 6.5.1. It is induced by G; via {(1,2,{1}),(2,4,{2}), (4,5,{4})}, by G, via
{(1,4,{1,2}),(4,5,{4})}, and by G35 and G4 via {(1,5,{1,2,4})}, see Fig.6.5.
Lemma 6.5.1 implies that the objective value of any feasible solution (x, y) to
UARTN, provides an upper bound on the worst-case makespan of x with respect
to all induced task paths. We conclude that U ART N, bounds ART N from above
if P € P(G,).

An initial upper bound on ART N is obtained from U ART N'| where

G =(V.E) with Ey={(j.k.{j}) : (j.k) € E}. (6.8)

UARTN | comprises one constraint for every arc (j,k, Pjx) € E. Since E,
contains |E| arcs, UART N is a tractable optimization problem. The following
lemma shows that { ART N bounds ART N from above.

Lemma 6.5.2 (Initial Bound) P € P(G)) for G, defined in (6.8).

Proof. Consider any path P = {i; = 1,is,...,igs, =n} € P with (i,,i,+1) € E
forr =1,...,R.For P, = {i,},r = 1,..., R, we have {(i,,i,+1, P,.)}f:1 C E,
and (P \ {n}) = U§=1 P,,sothat P € P(Gy). O

Figure 6.5a visualizes G; for the temporal network in Example 6.5.1. The
initial bounding graph approximates the worst-case duration ¢ (x; P) of every path
P € P by the duration > iep @(x:{i}) of the singleton partition {{i}};¢p. If this
approximation is tight, then U ART N and ARTN are equivalent. This is the
case, for example, if all task durations depend on disjoint parts of £ that are not
related to each other through E. In general, however, ¢(x; P) < >, cp ¢ (x:{i}),
and the optimal value of Y ART N constitutes a strict upper bound on the optimal
value of ARTN.
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By suitably transforming the graph G;, we can coarsen the path partitions to
tighten the upper bound provided by U ARTN;.

Definition 6.5.1 (Replacements) For a bounding graph G, = (V, E,;) we construct
G;4+1 = (V, E;4+1) via the following two types of replacements.

1. Predecessor replacement: G,y results from a predecessor replacement of

Epi=EN{G.k.Pi)}u () {G.k P;uUPp}.
iEV,P,'jG'PS
(i.j,Pij)EE;

2. Successor replacement: G,y results from a successor replacement of
(j.k,Pjx) € E ifk # n and

Eiy1 = EN\{(j.k. Pi)} U U {(. 1 P U Py}

€V, P EP:
(k,l,Px)EE,

The two replacements are illustrated in Figs.6.6 and 6.7. We call an arc
(j,k, Pjx) € E,; replaceable if it qualifies for either of the two replacements.

The application of a replacement to (j, k, Pjx) € E; reduces the approximation
error for every path P € P(G,) whose partition {P,}le contains the block Pjy.
At the same time, however, the number of arcs in the resulting bounding graph

(and hence the size of the bounding problem) typically increases. In Example 6.5.1

Pi 5 U Py,

Piyj U Py

Fig. 6.6 Predecessor replacement of (j, k, Pj;) with two predecessor nodes

Pjr U Py,

Fig. 6.7 Successor replacement of (j, k, Pj;) with two successor nodes
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we applied successor replacements to (1,2,{1}) € Ej, (1,4,{1,2}) € E; and
(1,3,{1,2}) € Ej. As the result of a replacement, some nodes and/or arcs in
the bounding graph may become redundant, see Fig.6.5. We will identify such
redundancies at the end of this section.

From now on, we assume that {G,}, is a sequence of bounding graphs where G,
is defined in (6.8) and G,, Gs, . .. result from an iterated application of replacements
in the sense of Definition 6.5.1. In this case, the label P of an arc (j, k, Pjx) € E,
contains precisely the tasks on a path from j to k (excluding task k) in the temporal
network G.

Lemma 6.5.3 For each arc (j,k, Pji) € E,; the temporal network G contains a
directed path {(I;,l,+1)}*_, € E with R > 1, (I1,lg+1) = (j.k) and Pj; =
{li,... IR}

Proof. We prove the assertion by induction on ¢. By construction of Gj, the
assertion holds for # = 1. Assume now that the assertion holds for G, and that G; 4,
results from a predecessor replacement of (j, k, Pjx) € E; (an analogous argument
can be made for successor replacements). According to Definition 6.5.1, any new arc
in E; 41\ E; must be of the form (i, k, Pi;), and E;, must contain an arc (i, j, P;;) €
E; with P;; U Pj, = Pji. Since the assertion holds for G;, G contains directed paths

{(lralr+l)}5=1 ’ {(1;711{—{—1)}5:1 g E Wlth (Zlle-l—l) = (l’ .])7 (l/vl;Q/+1) = (]’k)7

Py ={l.....Ig}and Py = {I{,... I} }. Since [g4; = I{, we can connect both
paths to prove the assertion for (i, k, P;x). Since the arc (j, k, Pjr) € E; was chosen
arbitrarily, the assertion of the lemma follows. O

The next lemma shows that replacements preserve the upper bound property.
Lemma 6.5.4 (Bound Preservation) If P C P(G,), then P C P(G,+)).

Proof. Choose any path P € P. By assumption, P € P(G,), that is, there exists a
set of arcs {(i,, i;+1, P,.)}fe:1 C E, withigy; = nand (P \ {n}) = Ule P.. We
show that P € P(G,4+1). Assume that G, results from a predecessor replacement
of (j,k, Pjx) € E;; the proof is widely parallel for successor replacements.

If (j,k) # (i, iy+1) forall r € {1,..., R}, then P € P(G;4) is vacuously
satisfied. Hence, assume that (j, k) = (is,i54+1) forsome s € {1,..., R}. Since 1 is
the unique source of G (see Section 1.1) and P € P,wehave 1 € P. Lemma 6.5.3
then implies that i; = 1. Hence, s # 1 since (i1, i;, P;) does not qualify for a
predecessor replacement. Let i/ = i, forr = 1,...,5s — 1l and i/ = i,4, forr =
S,..., R.Similarly, let P/ = P, forr = 1,...,5s =2 (if s > 2), PS’_1 =P, UPs
and P/ = P,y forr = s,..., R — 1. We have that {(i,f,i,f+1, Pr’)}f:ll C Eiy1,
ix=nand (P \{n}) = Uf:ll P/, which ensures that P € P(G,1). Since P was
chosen arbitrarily, the assertion follows. O

We can now prove that the proposed replacements result in a monotonically non-
increasing, convergent sequence of upper bounds on ARTN.
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Proposition 6.5.1 Let (x', y") denote an optimal solution to UARTN ;. Then:

(a) Foreveryt, x' is a feasible allocation in ARTN and y!, is an upper bound on
the worst-case makespan of x' in ARTN.

(b) Thereis T € N such that there are no replaceable arcs in Gr. For this T, xT is
an optimal allocation in ARTN and y[' is the worst-case makespan of x™ in

ARTN.

(¢) The sequence {y!, }thl is monotonically non-increasing.

Proof. By construction, x’ constitutes a feasible allocation for every ¢. Due to
Lemma 6.5.1, assertion (a) is therefore satisfied if 7 < P(G,) for every f.
Employing Lemmas 6.5.2 and 6.5.4, this follows by induction on 7.

As for (b), we recall that G is acyclic. Hence, we can relabel the nodes of G,
such that all (j, k, Pjx) € E, satisfy j < k. Every replacement removes one arc
(j.k,Pjx) € E;,t =1,2,..., and adds less than |E,| arcs (i,[, P;;) withi < j
and / > k, where one of these inequalities is strict. Since all (j, k, Pjx) € E, satisfy
1 < j,k <n,thereis T € N such that there are no replaceable arcs in Gp.

All arcs in E7 are of the form (1, n, Py,) for some Py, € V' \{n} since otherwise,
further replacements would be possible. Hence, U ART N r is equivalent to

min  max x; Pyy).
X€X (1n,Pin)eEr (x; Pin)

We have P C {P, €P: (1,n, Py,) e Er} € P dueto Lemma 6.5.3 and part (a)
of this proof. Hence, U ART Nt is equivalent to ART N, and claim (b) follows.

To prove (c), we first show that if (x,y) is feasible in UARTN,, t €
{1,...,T —1}, then it is also feasible in UART N ;4. Assume that G,y is
obtained from a predecessor replacement of (j,k, Pjx) € E;. The argument is
widely parallel for successor replacements. U ART N4 results from UARTN,
by replacing the constraint yx — y; > ¢(x; P;;) with new constraints of the form
Yk—Yi = ¢(x; Py UPj)fori € Vand P;; €V \{n}with (i, j, P;;) € E;. These
new constraints are less restrictive, however, because

(i) (ii)
Ve—=Yi =Wk —y;)+ O —yi) = ¢(x: Pij) +d(x; Pix) = ¢(x; Pij U Pjy).

Here, (i) follows from the fact that (x, y) is feasible in U ARTN,, while (ii) is
due to (A2). Hence, (x, y) is feasible in U ART N +1, too. Since UARTN; and
UARTN 41 share the same objective function, assertion (c) follows. O

Proposition 6.5.1 provides the justification for Algorithm 6.

Algorithm 6 does not prescribe the choice of any specific replacement. We
will discuss a selection scheme below. Before that, we summarize the following
algorithm properties which are a direct consequence of Proposition 6.5.1.

Corollary 6.5.1 Algorithm 6 terminates with an optimal resource allocation x* in
ARTN and its worst-case makespan y,*. Moreover, {x' },T=1 represents a sequence
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Algorithm 6 Convergent upper bounds on ARTN.

1. Imitialization. Construct G as defined in (6.8). Set ¢ = 1.
2. Bounding Problem. Find an optimal solution (x’, y") to UARTN.
3. Replacement. Choose a replaceable arc (j, k, Pj;) € E;.

(a) If there is no such arc, terminate: x* = x' is an optimal allocation in ARTA and y;; = y!
is the worst-case makespan of x* in ARTN.

(b) Otherwise, construct G, by applying a replacement to arc (j, k, Pji), sett — ¢ + 1 and
go to Step 2.

of feasible allocations in ARTN and {y! }thl a monotonically non-increasing
sequence of upper bounds on their objective values in ARTN..

By combining Algorithms 4 and 6, we obtain monotonically convergent lower
and upper bounds on the optimal value of ART N, together with feasible alloca-
tions x’ € X whose worst-case makespans are bracketed by these bounds. This
provides us with feasible allocations that converge to the optimal allocation and
whose suboptimality can be quantified at any iteration.

The tractability assumption (A3) allows us to reduce the set of meaningful
replacement candidates in Step 3 of Algorithm 6 as follows.

Proposition 6.5.2 Assume that (A3) holds, and let (x',y") denote any optimal
solution to UARTN ;. We have:

(a) If y; — ¥ > ¢(x'; Pji) for some replaceable arc (j.k, Pji) € E;, then
L{ARTNJIH with G,y obtained from G, by replacing (j.k, Pji) has an
optimal value of y!, too.

(b) If y, — . > ¢(x's Pjy) for all replaceable arcs (j.k,Pji) € E;, then
L{ART/\(Z with s > t and Gy obtained from G; by any sequence of
replacements has an optimal value of y!, too.

t

Remark 6.5.1. According to assertion (a), replacing any arc (j, k, Pjx) € E, that
satisfies the described condition leads to the same upper bound as U/ AR T N,. Since
we intend to reduce this bound, we may disregard all such replacement candidates in
Step 3 of Algorithm 6. Part (b) describes a condition under which x’ is the optimal
allocation and y! the optimal value of ARTN.

Proof of Proposition 6.5.2 Assume that (a) is false, that is, y; — »% > ¢(x"; Pji),
but there is a feasible solution (x'*!, y’*1) to UART N, that has an objective

value smaller than y!. From the argumentation in the proof of Proposition 6.5.1 (c)
we know that (x!, y*) is feasible in U ART N +1. Due to (A3),

A yh) = ATy + 1 - )Ly for A € (0,1]

is also feasible for UYARTN,+1 and has an objective value smaller than
y!. We show that for small A, (x*,y%) is feasible in UART N, too. Since
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E/\ Ei+1 = {(j. k., Pjx)}, we only need to show that y; — y} > ¢(x*; Pjx). For
sufficiently small A, this follows from continuity of ¢ (-; P;i) in its first component,
which is a consequence of (A3), and the fact that y; — yi > ¢(x'; Pji). Since
UARTN,; and UART N+ share the same objective function, this implies that
(x', y") is not optimal for UARTN,. Thus, our assumption is false and (a) must
be true.

As for (b), let us now assume that y; — y; > ¢(x'; Pjy) for all replaceable arcs
(j. k. Pji) € E,. In this case, assertion (a) guarantees that (x’, y’) remains optimal
for G, if G,y results from applying one replacement to G,. Assume that G, 4|
results from a predecessor replacement of (j, k, P;x) € E; (the proof for successor
replacements is analogous). We then have

(i)
Ok =) = =) + O =) > d(x"s Pij) + ¢ (x"; Pjr)
(i)
> ¢(x'; Py U Pjy) V(i.j.Py) € E,.

where (i) follows from the assumption and (ii) is due to (A2). Hence, the condition
described in assertion (b) is satisfied for all new arcs (i, k, P;j U Pj;) € E; 11 as
well. An iterated application of this argument shows that assertion (b) remains valid
forUART N with G, obtained from applying any sequence of predecessor and/or
successor replacements to G,. This implies that { AR T N has an optimal value of
y!, and thus the claim follows. O

UARTN, may have several optimal solutions, and the conditions in Proposi-
tion 6.5.2 may only be satisfied for some of them. If an optimal solution (x’, y’) to
UARTN, does not satisfy the condition in Proposition 6.5.2 (a) for (j, k, Pjx) €
E,, then we can use ! to check whether other optimal solutions (x’, y’) satisfy the
condition. Indeed, this is the case if

max {Ok —=y) =@ Pik) = Yu = Vo Yg—Yp = (x: Ppy)
yeR'_’,”_

Y(p.q., Ppy) € Ei} > 0. (6.9)

Similarly, Proposition 6.5.2 (b) implies that x’ is an optimal allocation for ART N
if all replacement candidates (j, k, P;x) € E, satisty the inequality (6.9). Unfortu-
nately, evaluating the left-hand side of the inequality (6.9) is as difficult as solving
UARTN,, and it is prohibitive to compute it for all (j,k, Pjx) € E,. If we fix x
to x” and optimize the left-hand side of the inequality (6.9) only over y, however,
the maximization can be computed in time O(|E;|) by a combined forward and
backward calculation, see [DH02]. In this case, however, we might not identify all
replacement candidates that satisfy the conditions of Proposition 6.5.2.

Although Proposition 6.5.2 reduces the set of potential replacement candidates,
it provides no criterion for selecting specific arcs to be replaced. Ideally, one would
choose a replacement that leads to the largest reduction of the upper bound. This
approach is computationally prohibitive, however, since it requires the solution of
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bounding problems for all replacement candidates. Likewise, “first fit” approaches
are unsuited due to similar reasons as in Sect.6.4. Instead, one may choose a
replacement for G, that leads to the largest reduction of the upper bound when x
is fixed to the optimal allocation of U ARTN,. Like the optimization of the left-
hand side of the inequality (6.9) for fixed x, this evaluation requires time O(|E;|)
and can hence be implemented efficiently. At the same time, however, this selection
scheme is likely to lead to better results than naive “first fit” approaches.

Let us now consider the issue of redundant nodes and arcs in the bounding graphs
G,. We call an arc (j, k, Pji) € E; redundant if it can be removed from E;, without
changing the set of induced paths P(G,). The following proposition lists sufficient
conditions for redundancy.

Proposition 6.5.3 An arc (j. k, Pjx) € E,; is redundant if one of the following
conditions is met:

1. There is another arc (., k, P]fk) with Pj, C Pj’.k, Pji # P]/'k'
2. Node j has no incoming arcs in G, and j # 1.
3. Node k has no outgoing arcs in G, and k # n.

The proof of this proposition is straightforward, and we omit it for the sake of
brevity. Proposition 6.5.3 allows us to identify redundant nodes as well: node i € V
is redundant in G; if all of its incoming and outgoing arcs are redundant.

We close this section with an example that illustrates Algorithm 6.

Example 6.5.2. Consider again the problem instance from Examples 6.3.2
and 6.4.1. We generate upper bounds on the optimal objective value of this problem
with Algorithm 6.

We start with Step I, where we construct the bounding graph G; shown in
Fig. 6.8, upper left. Note that we added a dummy sink node 7 and an artificial
precedence between nodes 6 and 7 so that the last task (i.e., task 7) has duration
zero. Since none of the arcs in the bounding graph G, satisfies the conditions of

) Y

{3};15

Fig. 6.8 Bounding graphs generated by Algorithm 6. The upper left, upper right and lower charts
visualize the bounding graphs in iterationt = 1,7 = 2 and ¢ = 3, respectively. Attached to each
arc (i, j, P;j) € E; isits label P;; and its worst-case duration ¢ (x'; P;;)
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Proposition 6.5.3, we cannot identify any arc or node in G; as redundant. We set
t=1.
In Step 2 we solve the upper bound problem UART N :

minimize  y7
X, VA,

subjectto  x € RS, y eR,, 2 eR%, yeRy
J’ZZ}/1+2(1—X1)+A}/2+)/1, A}_Fylzz(l_xl),
y3> 1 +2(1—x) +A2/2+ 9% A +y?>2(1—x),
Ya= 4+ 5(1=x) +A3/24+ 93 B4+yP>501-x),
ys =y 4+ 5(1—x2) +A3/24+ 9% A5+ y* =501 —x),
J’SZy3+1(l—X3)+A§/2+y5, ,\34_)/521(1_)63)’
J’6Zy4+4(1—X4)+lg/2+y6, 124_)/624(1_)“),
y62}@+3(1—x5)+kg/2+y7, /\24_),723(1_)65)’
7> v6+ 1(1—x6) + A5/24+ 9% A3+ 9% > 1(1 — x¢),

6
X <1/2Vie{l,....6), Y x <l

i=1

The optimal allocation is given by x! = (0.25,0.5,0,0.25,0, O)T, and the optimal
task start schedule is y' = (0,2.25,4.5,6,6,10.5, 12)T. The estimated worst-case
makespan is 12.

According to Proposition 6.5.2, we should not replace the arc (1,3,{1}) € E;
because ¢(x';{1}) = 2.25 but yJ — y] = 4.5. If we apply the extended check
described in (6.9), we see that we should not replace the arc (3,5,{3}) € E;
either. For ease of exposition, we use a “first-fit” approach here and apply a forward
replacement to the arc (1,2,{1}) € E; in Step 3. The new bounding graph G is
visualized in Fig. 6.8, upper right. Note that the arcs (2, 4, {2}) and (2, 5, {2}) in E,
satisfy the second condition of Proposition 6.5.3 and are therefore redundant. As a
result, node 2 is redundant as well. We set r = 2.

Back in Step 2, we solve the upper bound problem UART N 5:

minimize V7
X, p.A,Y

subject to xe]Rﬁ_, y e R, AeRi, )/ER:_
Yoz yi+2(1=x1) +A4/24+ 501 —x2) + 4,/2+ v,
M+y' =z200—x), L+y'=50-x),
ys =y +2(1—x1) + A2/2 +5(1 — x2) + A2/2 + 92,
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M4y =2(1-x), A3 +y? =50 -x),

yiz oy +2(0—x)+A32+93 A4y =200-x),
ys =y +1(1—x3) + A3/24+ 94 AT+ y4 > 10— x3),
Vo= ya+4(l—xg) +A3/24+ 9, A +9° > 4(1—xy),
Y6 = ys +3(1 —x5) +A%/24+ 9% A8+ y° > 3(1 —xs),
y1 > y6+1(1—x6) + A2+ 7y, Al+y" = 1(1—x),

6
X <1/2 Yie{l....6}, Y x <=l

i=1

The optimal allocation is xt= (0.25,0.5,0,0.25,0, O)T, and the optimal vector y2
is given by yf =0, y% = 4.5, yf = yg =6, yé = 10.5and y% = 12. The estimated
worst-case makespan is 12. Note that neither the optimal allocation nor the upper
bound changed. This is due to the fact that our uncertainty set allows two tasks to
attain their worst-case durations simultaneously.

As before, Proposition 6.5.2 indicates that we should not replace the arcs
(1,3,{1}) and (3,5,{3}) in E,. Instead, we apply a forward replacement to the
arc (1,4,{1,2}) € E, in Step 3. The new bounding graph G3 is visualized in
Fig. 6.8, lower chart. Due to the replacement, the arc (4,6, {4}) € E; and node
4 have become redundant. We set r = 3.

Back in Step 2, we solve the upper bound problem UART N'3:

minimize  yy
X, Ay

subjectto  x €R§, yeR), 1eR’, yeRS
Vo = y14+2(1 = x1)+A1/245(1—x2) + AL/2 + 4(1 — xg)+A} + yL,
MAy' =2(0—x), AM+y'=50-x), Ab+y'>4(1-xy),
ys > y1 +2(1—x1) + A2/2+5(1 —x2) + A3/2 4+ y2,
AB4yr=2(1—x), A2+p2>5(1-x),
y3= o +2(1—x) +A3/2+93 B4y >2(1—x),
ys > y3 4+ 11— x3) + A3/24+ % A4y > 1(1—x3),
Y6 = ys+3(1 —x5) +A2/24+ 9>, AZ4y° =31 —xs),
y7 >y + 1(1 = x6) + A8/24+ 9% AL+ y® > 1(1 — x),

6
x,fl/Z VZE{1,76}7 Z'xlfl

i=1
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The optimal allocation is X3 (0.36,0.5,0,0.14, 0, O)T, and the optimal vector y3
is given by y; = 0, y3 ~ 1.94, y3 ~ 5.68, y} ~ 10.18 and y3 ~ 11.68. The
estimated worst-case makespan is approximately 11.68.

Proposition 6.5.2 indicates that we should not replace the arcs (1,3,{1}) and
(3,5,{3}) in E3. We can proceed by applying a forward replacement to the arc
(1,6,{1,2,4}). For the sake of brevity, we omit the remaining steps of our bounding
approach.

6.6 Numerical Results for Random Test Instances

We investigate the performance of the bounding technique and compare it with
the decision rule approximations reviewed in Sect. 6.2.2. To this end, we use the
RANGEN algorithm described in [DVHO3] to generate 100 random instances of
problem RTN of size n € {100,200, 300} and order strength 0.25, 0.5 and 0.75.
The order strength of a network G = (V, E) denotes the fraction of all n(n — 1)/2
theoretically possible precedences between the nodes in V' that are enforced through
the arcs in E (either directly or via transitivity), see [DH02]. Table 6.1 summarizes
the median numbers of inclusion-maximal paths for each instance class. Note that
this number increases with the instance size and the order strength. We expect
instances with a larger number of paths to be more challenging to solve with the
bounding approach.

We solve the resource allocation problem outlined in Example 6.3.2, that is, we
assume a single resource and task durations

di(x;§) =d)(1—x)(1+&)  forieV,

where diO denotes the nominal task duration, x; the amount of the resource that is
assigned to task 7, and &; the uncertainty inherent to the task duration. We sample
d? uniformly from the interval [1, 10] and set

X={xeRﬁ_ 1 x <(1/2)e, eTxf,B}
and E={EeR" : £<(1/2)e e £ <y}.

Table 6.1 Numbers of inclusion-maximal paths for the generated instance classes
n 0.25 0.50 0.75
100 1,158 14,940 1,929,456
200 7,275 390,715 3,134,873,127
300 22,893 3,477,994  608,740,179,463

Each class is described by its network size (row)
and its order strength (column)
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Fig. 6.9 Median optimality gaps of the bounding approach as functions of the runtime. The graphs
show the results for instances of size 100 (upper left), 200 (upper right) and 300 (lower graph). In
the first graph, the optimality gap for OS = 0.25 vanishes so quickly that the curve cannot be seen

Thus, the duration of task i can fall below or exceed its nominal duration d io by 50%,
depending on the resource allocation and the realization of the uncertain parameter
vector £. We choose the resource budget B such that 10% of all tasks can be sped
up to their minimal durations. Likewise, we select the uncertainty budget y such
that on average 10% of the tasks on each inclusion-maximal path can attain their
worst-case durations.

Even though they constitute linear programs, the resulting instances of ARTN
are difficult to solve with a standard optimizer. Indeed, for instances with 100 tasks
and an order strength of 0.5, ART N already contains more than 345,000 variables
and 235,000 constraints on average. To bound the optimal value of ART A/, we run
the algorithms from Sects. 6.4 and 6.5 in parallel for 1 h. We solve all intermediate
optimization problems with IBM ILOG CPLEX 12.1 on a 2.53 GHz Intel Core 2
Duo computer. Figure 6.9 visualizes the resulting optimality gaps as functions of
the computation time. As expected, instances with a large number of tasks and a
high order strength are more difficult to solve. Apart from instances with 300 tasks
and an order strength of 0.75, however, the optimality gaps after 1h are all below
10%. Moreover, more than 90% of the instances of three classes (100 tasks with an
order strength of 0.25; 100 tasks with an order strength of 0.5; 200 tasks with an
order strength of 0.25) are solved within the time limit.
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Fig. 6.10 Median lower and upper bounds of the bounding approach as functions of the runtime.
The graphs visualize the results for instances of size 100 (upper left), 200 (upper right) and 300
(lower graph) and an order strength of 0.5. The objective values are normalized so that the lower
bound after 1 h evaluates to 100

We now investigate the individual contributions of the upper and lower bounds
to the optimality gaps in Fig. 6.9. To this end, Fig. 6.10 presents the upper and lower
bounds as functions of the runtime for instances with an order strength of 0.5. For
instances with 200 and 300 tasks, the lower bound improves rapidly in the beginning
but fails to prove optimality within the time limit. Indeed, the graphs reveal that the
upper and lower bounds improve throughout the computation, although the progress
slows down after some time.

We now compare the results of the bounding approach with the decision rule
approximations outlined in Sect. 6.2.2. We were unable to solve the affine decision
rule approximations for any of the test instances within the time limit of 1 h. Indeed,
the optimization models for instances with 100 tasks and an order strength of 0.25
already contain more than 140,000 variables and 130,000 constraints on average.
We therefore restrict each affine decision rule y;(£), j € V, to depend on a small
number of random variables §; associated with the task durations d; of predecessor
tasks i of j. The results are presented in Table 6.2. Note that experiments in which
less than 50% of the instances could be solved within 1 h do not allow the calculation
of median values; the corresponding entries in the table are therefore labeled “n/a”.
As expected, affine decision rules perform better than constant decision rules, and
the approximation quality of the affine decision rules improves with the number
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Table 6.2 Computational results for constant decision rules (CDR) and affine decision rules over
5 (ADR-5) and 10 (ADR-10) random variables

n CDR ADR-5 ADR-10

0.25 0.50 0.75 0.25 0.50 0.75 0.25 0.50 0.75
100 32.16% 3691% 36.77% 19.57% 2647% 28.00% 15.85% 22.11% 23.17%
0.62 0.98 1.28 1.92 8.14 11.32 6.98 39.11 42.82
200 30.10% 31.09% 33.30% 22.14% 22.35% 2547% 18.74% 19.16% 22.10%
4.36 7.16 9.47 18.63  270.45  443.74 91.8 1,100.53 1,562.63
300 26.65% 27.40% 30.95% 19.64% 21.65% 22.60% 17.56% n/a n/a
12.53  23.69 37.75 181.71 2,062.24 2,612.82 717.77 n/a n/a
The results are grouped as in Table 6.1. The first value of each entry shows the median percentage

by which the decision rule approximation exceeds the final upper bound of the bounding approach,
while the second value presents the median runtime in seconds

Table 6.3 Median optimality gaps (first row) and runtimes (second row) of the bounding approach
for different resource budgets 8 and uncertainty budgets y

Nominal Budget Budget y
20% 30% 20% 30%
5.85% 0.54% 0.00% 8.04% 10.21%

3,600.0 3,600.0 74.22 3,600.0 3,600.0
The nominal test set uses the values for § and y that are
described in the beginning of the section. The remaining test
sets increase one of the budgets by a factor of 2 (20%) or 3
(30%)

of considered random variables. However, the results are consistently dominated
by the bounding approach presented in this chapter. The results in Table 6.2 could
be improved by using piecewise affine decision rules, but in this case the allowed
computation time would have to be increased considerably.

We close with an analysis of the impact of the resource budget § and the
uncertainty budget y on the bounding approach. To this end, Table 6.3 shows the
optimality gaps and runtimes for different values of 8 and y over instances of size
200 and an order strength of 0.5. We see that the bounding scheme works best
if B is large and y is small. An empirical inspection revealed that in this case,
the intermediate resource allocations change less between consecutive iterations of
the lower and upper bounds. We suspect that this “allocation stability” allows the
bounding algorithm to progress faster.

6.7 Case Study: VLSI Design

We now apply the bounding technique to a circuit sizing problem with process
variations. For a survey of optimization problems in circuit design, see [BKPHOS5].

An important problem in circuit design is to select the gate sizes in a circuit
with the goal to optimally balance three conflicting objectives: operating speed,
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circuit size and power consumption. Loosely speaking, larger gate sizes increase the
circuit size and power consumption, but they reduce the gate delays. We can model
a circuit as a temporal network with gates as tasks and interconnections between
gates as precedences. The duration of task i € V refers to the delay of gate ;. The
makespan of the network corresponds to the delay of the overall circuit, which in
turn is inversely proportional to the circuit’s operating speed. A resource allocation
assigns sizes to all gates in the circuit.

The maximization of circuit speed, subject to constraints on power consumption
and circuit size, can be cast as a deterministic resource allocation problem that is
defined on a temporal network. In practice, however, a circuit represents only one
component of a larger system, and its eventual operating speed depends on adjacent
circuits (that are outside the model). Hence, one commonly imposes a lower bound
on the circuit speed and minimizes the circuit size instead. For the sake of simplicity,
we ignore power consumption here. The deterministic problem then becomes

mir;igliz&: ZAixi
iev
subjectto  x € R%, y € R},
yj = yi+di(x)  V(,j)€E,
yn + dn(x) S Ts
X € [x,x].

(6.10)

Here, x; represents the size of gate i (with positive lower and upper bounds x; and
X;, respectively) and A; x; the area occupied by gate 7. Assuming that the circuit has
a unique sink 7 (see Sect. 1.1), y, + d,(x) denotes the delay of the overall circuit.
We require that this quantity must not exceed some target value 7. Note that for
some values of 7', the problem may be infeasible.

In the following, we employ a resistor—capacitor model for the gate delays:

R/ . .
di(x) =069—(C"x; + Y CPx;) forieV,xeX, (61D
Xi e
jii.j)EE

where R;, C/™ and C/™ denote the driving resistance, intrinsic capacitance and input
capacitance of gate i, respectively [BKPHOS].

Variations in the manufacturing process entail that the factual gate sizes deviate
from the selected target sizes x by some random, zero-mean noise § € R”. If this
noise is small compared to x, then we can express the resulting gate delays d; (x+§),
i € V, by a first-order Taylor approximation:

di(x:6) = di(x) + [Vdi(0)] '€ fori e V.

Process variations exhibit nonnegative correlations [SNLS05]. We can account for
such correlations by using an ellipsoidal uncertainty set:

E={ecR" :JuekR .£=23u |lul, <1} withZe R (6.12)
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We thus seek to optimize the following variant of RT N

inf  Sup inf Aixi @ yn +dy(x:8) < Ty (6.13
xe[xx] geE VEY(x,§) {g‘; e Yn ”( S) } )

For a suitable ¢ (see Sect. 6.3), this results in the following variant of ART N

minimize Z A x;
* iev
subjectto  x € R’} (6.14)
¢(x;P)<T VP eP,

X € [x,x].

Again, problem (6.14) may be infeasible if 7" is chosen too small. An inspection
of Sects. 6.4 and 6.5 reveals that we can apply the bounding approach to problem
(6.14) if we allow the bounds to attain values on the extended real line R U {oo}.
A lower bound of oo signalizes that problem (6.14) is infeasible, while an upper
bound of oo indicates that the determined gate sizes x may violate the target value
T for the overall circuit delay. The following result provides us with a conservative
reformulation of the problem (6.13):

Proposition 6.7.1 For d and E defined in (6.11) and (6.12), let

d(x: P) = I} d(x) + H zT( 3 [V, (x)]+) HZ + H zT( 3 [V, (x)]‘) i
ieP ieP

(6.15)
where

0] = > 1‘[(x, i for fx) = o [[(x))f
i J

;>0

and [f(x)]_ defined analogously for i with o; < 0. If X has a tractable
representation, then the problem (6.14), with ¢ defined in (6.15), satisfies (Al)—(A3)
and constitutes a conservative reformulation of the problem (6.13).

Proof. It follows from [SNLSO05] that ¢ as defined in (6.15) satisfies condition (6.5)
on p. 115 and (A3). It remains to be shown that ¢ satisfies (A1) and (A2). Forx € X
and P C V, we introduce the following notation:

o P)=[2T( X [V]T)|, and o7 )= 2T(X [Vai] )|

IAS]

As for (A1), we need to show that

¢ P) = Tpd(x)+ ¢t (x, P)) + ¢~ (x; P)

I} d(x) + 9T (x:P) + ¢~ (x; P) = $(x: P)

A%
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Table 6.4 ISCAS 85 benchmark circuits
Circuit  #tasks  # precedences  # task paths

C432 196 336 83,926

C499 243 408 9,440

C880 443 729 8,642

C1355 587 1,064 4,173,216
C1908 913 1,498 729,056
C2670 1,426 2,076 679,954
C3540 1,719 2,939 28,265,874
C5315 2,485 4,386 1,341,305
C6288 2,448 4,800 1,101,055,638
C7552 3,719 6,144 726,494

forallx € X and P C P’ C V. Note that I}, d(x) > I} d(x) since Ipr > Ip
and d(x) > 0 for all x € X. We show that ¢T(x; P') > ¢T(x;P) and
@~ (x; P") > ¢~ (x; P). The first inequality follows from the fact that X is element-
wise nonnegative and [Vdi (x)]+ > O foralli € V. The second inequality follows
from the positive homogeneity of norms and the fact that [Vd,- (x)]_ < 0 for all
ieV.

Property (A2) is satisfied if

(i P)+¢(x: P'\ P) =1Ld(x)+¢*(x; P) + ¢~ (x: P)
+ ]I[TP/\P] d(x) + ¢t (x;P'\ P) +¢ (x;P'\ P)

> 1}, d(x) + ¢ (x, P') + ¢~ (x; P') = ¢(x; P)

for iu x€Xand P C P’ C V.NotethatI} d(x) +H[TP,\P] d(x) =1}, d(x). Also,
we have

et (x:P)+o (x: P)+9T(xi PP\ P)+¢ (x; P\ P) = ot (x. P')+ o~ (x; P')

by the triangle inequality. O

We use Proposition 6.7.1 to determine robust gate sizes for the ISCAS 85
benchmark circuits.> To this end, we set (x;,%;)) = (1,16) and select the
circuit parameters A;, R;, C,.irlt and C,.in according to the Logical Effort model
[BKPHOS5, SSH99]. We set the target delay 7" to 130% of the minimal circuit delay
in absence of process variations. For ease of exposition, we assume independent
process variations, that is, X is a diagonal matrix. We set the diagonal elements of
% to 25% of the gate sizes determined by the deterministic model (6.10).

The data in Table 6.4 specifies the temporal networks corresponding to
the ISCAS 85 benchmark circuits. For a circuit with |V| tasks and |5|

2ISCAS 85 benchmark circuits: http://www.cbl.ncsu.edu/benchmarks.
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Table 6.5 Results for the circuits from Table 6.4

Circuit First it. After 25 its.  After 50 its. Reduction

C432 34.13% Solved after 11 its. 24.48%
0:03 1:03

C499 148.82% 12.31% 8.96% 42.89%
0:12 27:35 128:30

C880 16.78% 2.31% 0.70% 11.16%
0:11 2:44 8:39

C1355 113.16% Solved after 24 its. 52.95%
0:17 17:31

C1908 37.05% 11.37% 6.90% 18.13%
1:17 6:58 21:06

C2670 14.62% 1.61% 1.02% 11.09%
0:51 24:03 99:35

C3540 37.66% 9.19% 7.40% 20.50%
4:22 16:31 56:06

C5315 15.23% 4.30% 2.29% 10.33%
6:56 30:39 52:37

C6288 68.24% 3.40% 2.52% 39.07%
6:33 45:09 69:08

C7552 11.03% Solved after 12 its. 5.01%
5:54 15:08

Columns 2—4 present the optimality gaps and computation times
(mins:secs) after 1, 25 and 50 iterations of the bounding approach,
respectively. The last column quantifies the reduction in overall circuit
size if we use the bounding approach instead of constant decision rules
(see Sect. 6.2.2)

inclusion-maximal task paths, the path-wise model (6.14) can be reformulated
as a geometric program with 1 + |V| 4 2 |ﬂ variables and 3 |ﬂ constraints, see
[BKPHOS5,SNLSO05]. Due to the choice of ¢ in (6.15), the Jacobian of the constraints
is dense. In view of the cardinality of P in the benchmark circuits (see Table 6.4), a
direct solution of problem (6.14) is prohibitive.

We now use the bounding approach to solve problem (6.14) for the benchmark
circuits. We terminate the algorithm after 50 iterations of the lower and upper bound
procedures. Since the lower bound requires the investigation of a potentially large
number of task paths (see Step 3(b) of Algorithm 5), we limit its computation time
per iteration to the time required by the upper bound. All results are generated with
CONOPT 3 on an Intel Xeon architecture with 2.83 GHz.> We employ warm starts
for the calculation of both lower and upper bounds, which significantly reduces the
computational effort.

Table 6.5 presents the optimality gaps after 1, 25 and 50 iterations. It also
documents the reduction in overall circuit size when we use the bounding approach
(for 50 iterations) instead of a model with constant decision rules (see Sect. 6.2.2).

3CONOPT homepage: http://www.conopt .com.
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We remark that the choice of E and ¢ in (6.12) and (6.15) implies that constant
and affine decision rules result in the same solutions. Although the initial optimality
gaps can be large, the bounding approach reduces them to reasonable values after a
few iterations. Moreover, the computational effort remains modest for all considered
problem instances. Finally, we see that the bounding approach can lead to significant
reductions in overall circuit size.

6.8 Conclusion

This chapter studied robust resource allocations in temporal networks. We consid-
ered a problem formulation which assumes that the task durations are uncertain
and that resource allocations are evaluated in view of their worst-case makespan.
We showed that the resulting optimization problem is NP-hard. We computed
convergent bounds on its optimal objective value, as well as feasible resource
allocations whose objective values are bracketed by these bounds.

It would be interesting to extend the solution procedure to renewable and
doubly constrained resources. Indeed, Sect. 2.1 lists some application domains (e.g.,
scheduling of production processes and microprocessors) that impose additional
restrictions on the consumption rate of resources. Such constraints result in non-
convex problems that render the bounding approach computationally prohibitive.
Instead, one could design a branch-and-bound algorithm that branches upon viola-
tions of the additional restrictions. For every node in the resulting branch-and-bound
tree, the incurred worst-case makespan can be bounded with the method presented
in this chapter.
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Benders decomposition, 96
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Beta distribution, 65, 94
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Bonferroni’s inequalities, 84
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Bounding problem, 130
Branch-and-bound, 32
Branching scheme, 35
Budget constraints, 74
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Central limit theorem, 84
Chance constraint, 14, 81
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Chebychev’s inequality, 87
Chernoff’s inequality, 87
Circuit delay, 144
Circuit sizing problem, 2, 143
CMCK problem, 113
Coherence, see risk measure
Conditional value-at-risk, 59, 73, 97
Conservative reformulation, 115

Constant decision rule, see decision rule
Convergent lower bound, 123
Convergent upper bound, 135
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piecewise affine, 111
Deterministic resource allocation, see resource
allocation
Discount factor, 24
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Doubly constrained resource, see resource
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Efficient frontier, 49, 62, 67
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Execution flow, 2, 57

Expected value, 11

Explicit optimization problem, 8

Feasible policy, see policy

Finish-start precedence, see precedence
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Floating factor policy, see policy
Flowgraph, 2, 57
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Hoeffding’s inequality, 87
Homogeneity, 75, 76

Inclusion-maximal path, see task path
Induced path, see task path

Induced schedule, 34

Information set, 11, 13

Invocation costs, 58

Jensen’s inequality, 5, 97
Joint chance constraint, see chance constraint

Limitational productivity mapping, see
productivity mapping
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Log-linearity, 60
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Markov decision process, see stochastic
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Markov property, 17

Markov’s inequality, 87
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Monte Carlo simulation, 26, 56

Multi-mode problem, 72

Multi-objective optimization, 61

Multi-stage problem, 13

Negative-valued precedence, see precedence

Nested productivity mapping, see productivity

mapping
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Network reliability, 53, 60
Nodal bound, 40
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task-scenario, 40
Nominal composition, 64
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Non-preemptive task, see task
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Nonregular objective function, see objective
function
Normal approximation, 74, 84, 88

Index

Objective function
nonregular, 10
penalized, 43
regular, 10

Order strength, 140

Pareto optimality, 61
Partial elasticity, 76
Partial optimum, 90
Path partition, see task path
Path selection, see task path
Penalized objective function, see objective
function
Penalty factor, 43
Penalty function, see objective function
Per-period consumption quota, 9
Piecewise affine decision rule, see decision
rule
Policy
feasible, 34
floating factor, 26
rigid, 47
target processing time, 47
task delay, 27, 29, 47
Policy evaluation problem, 18
Policy improvement problem, 18
Positive-valued precedence, see precedence
Precedence, 1
finish-start, 10
generalized, 10, 27
negative-valued, 28
positive-valued, 28
Predecessor replacement, see replacement
Preemptive task, see task
Process constraints, 74
Process scheduling, 2
Production function, 75
Production scheduling, 105
Productivity mapping, 75
limitational, 75
nested, 79
substitutional, 76
Project scheduling, 2

Quality of service, 54

Randomization, 56

Recourse problem, 11, 13

Redundant arc, 129, 137

Redundant node, 129, 137

Regular objective function, see objective
function
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Renewable resource, see resource
Replaceable arc, 132, 135
Replacement, 132
predecessor, 132
successor, 132
Resistor—capacitor model, 144
Resource
doubly constrained, 9
non-renewable, 9
renewable, 9
Resource allocation, 9, 74, 77
deterministic, 77
robust, 105
static, 80, 107
stochastic, 80, 82, 83, 89
Resource budget, 74
Resource costs, 53
Response time, 54, 58
Rigid policy, see policy
Risk
risk-averse, 12
risk-neutral, 11
Risk measure, 12
coherent, 12, 73
Risk-averse, 60
Risk-aware composition, 64
Risk-neutral, 60
Robust optimization, 15, 98
Robust resource allocation, see resource
allocation
RTN problem, 107

Sample average approximation, 64, 83, 96

Scenario fan, 11

Scenario planning, 31

Scenario reduction, 31, 70

Scenario tree, 13

Semi-infinite optimization, 15, 101, 109

Separated chance constraint, see chance
constraint

Sequential convex optimization, 91, 95

Service availability, 54, 58

Service composition problem, 54

Service invocation failure, 56

Service reliability, 54, 58

Service-oriented computing, 53

Single-stage problem, 15

Special ordered set, 50

Stochastic dynamic programming, 17, 26, 56

Stochastic programming, 11, 63
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Stochastic resource allocation, see resource
allocation

Sub-additivity, 73

Sub-additivity assumption, 116

Substitution elasticity, 75

Substitutional productivity mapping, see
productivity mapping

Successor replacement, see replacement

Surrogate model, 11, 14

Target processing time, see policy
Target processing time node, see node
Target processing time policy, see policy
Task, 1
non-preemptive, 10
preemptive, 10
Task delay policy, see policy
Task path, 74, 82, 114
inclusion-maximal, 82, 116
induced, 130
partition, 128
selection, 124
Task-scenario node, see node
Temporal network, 1, 9
Time lag, 27
Time/cost trade-off problem, 71, 105
Total service invocation costs, 59
Tractability assumption, 116, 135
Tractable representation, 8
Two-stage problem, 11, 14, 16

Uncertainty
affine, 117
conic-quadratic, 118
decision-dependent, 20, 53
quadratic, 117

Value-at-risk, 12, 73, 80
Variable substitution, 25
Variance, 12

Wait-and-see decision, 11, 20
‘Warm-start, 43
WCMTN problem, 112
Weierstrass maximum theorem, 37
Work content, 75
Workflow, 55, 57

duration, 59
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